HARMONIC ANALYSIS ON METRIZED GRAPHS 



MATT BAKER AND ROBERT RUMELY 

Abstract. This paper studies the Laplacian operator on a metrized graph, and its spectral 
theory. 



1. Introduction 

A metrized graph F is a finite connected graph equipped with a distinguished parametriza- 
tion of each of its edges. (A more rigorous definition can be found in In particular, F is 
a one-dimensional manifold except at finitely many "branch points" , where it looks locally 
like an n-pointed star. A metrized graph should be thought of as an analytic object, not just 
a combinatorial one. In particular there are a Laplacian operator A on F and corresponding 
"Green's functions" used to invert it. In this paper, we will study the spectral theory of the 
Laplacian on a metrized graph. 

While metrized graphs occur in fields as diverse as chemistry, physics, and mathematical 
biology, our motivation comes from arithmetic geometry. The eigenfunction decomposition 
of the Arakelov-Green's function on a Riemann surface 

oo ^ 

(1-1) 9,.{x,y) = V T-/n (a;) /„(?/) 

n=l ^" 

plays an important role in Arakelov theory. For example, it is the key ingredient used 
by Faltings and Elkies to give lower bounds for 5f^(x, ?/)-discriminant sums (see |Lal §VI, 
Theorem 5.1]). Estimates for these sums can then be used to prove the effectivity of certain 
Arakelov divisors on an arithmetic surface (see |La| §V, Theorem 4.1]). 

Metrized graphs were introduced as a nonarchimedean analogue of a Riemann surface in 
( |Ruj ■ |CRj . and |Zhj). The Laplacian on a metrized graph and the kernel of integration 
that inverts it, the Arakelov-Green's function g^{x,y) associated to a measure fi on F, were 
studied in |GRj and |Zhj . Those papers made it natural to ask if there is an eigenfunction 
decomposition of g^{x,y) analogous to ()1.1|) on a metrized graph, keeping in mind that for 
applications to nonarchimedean Arakelov theory, it is necessary to allow to be a singular 
measure. This paper therefore addresses the question "What are the eigenfunctions of the 
Laplacian on a metrized graph F relative to an arbitrary bounded, signed measure /x?" 

Initially, we discovered decompositions of g^{x,y) for certain special examples by ad hoc 
means (see ^1.81 below). This paper is the outcome of our attempt to understand those 
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examples. For an arbitrary measure /i of total mass one on F, we obtain an eigenfunction 
expansion converging uniformly to g^{x, y). We give three characterizations of eigenfunctions 
and study their properties. We give an algorithm which computes the eigenvalues in certain 
cases, and report some examples for interesting measures and graphs found by students in 
an REU held at the University of Georgia in summer 2003. As applications of the general 
theory, we prove the positivity of an "energy pairing" on the space of measures of total mass 
0, we obtain Elkies-type bounds for 5f^(a;, ?/) -discriminant sums generalizing those found for 
the circle graph in |HSj . and we show that fi = dx is the unique measure of total mass one for 
which the integral operator associated to g^{x,y) has minimal trace. We also raise several 
questions for future investigation. 

In the course of writing this paper, and from the referee's report, we learned of an ex- 
tensive mathematical literature concerning spectral analysis and differential equations on 
metrized graphs, which are also known in the literature as "networks" , "metric graphs" , and 
"quantum graphs". In particular we note the papers of J. P. Roth |Roj . C. Cattaneo fCaj . 
S. Nicaise jNl], [N2], J. von Below [Eil], jBi2], F. A. Mehmeti |Mn] - |XM3] . B. Gaveau, 



M. Okada, and T. Okada [001, T. Okada [OEI, M. Solomyak [Soj, and L. Friedlander jE| 
|Fr2j . These works all define the Laplacian somewhat differently than we have done in the 
present paper. Typically, they deal with Laplacians of functions / satisfying certain natural 
boundary conditions at the nodes (vertices) which make the "discrete part" of the Laplacian 
(as defined in the present paper) equal to zero. They then study (in our terminology) the 
spectral theory of the graph relative to the measure fi = dx. The results in the papers cited 
above, while perhaps not entirely superseding ours in the case n = dx, go much further in 
a number of directions. In particular, most of these papers treat infinite networks, whereas 
we have restricted our attention to finite ones. So to a large extent, it is the emphasis on 
eigenfunctions with respect to general measures /i (of total mass one) which is new in this 
paper. We have included Section [T3I below partly to illustrate why one might be interested 
in the theory for measures other than dx. The spectral theory of more general measures is 
at least partly treated in |AM2j . but we are unable to draw a precise comparison because 
the terminology and definitions are so different. 

For more discussion of the relationship between these works and the present paper, see 
3071 below. 

We now give an overview of the contents of this paper. First, we will recall the notions of 
Laplacian operators on F given in fCR] and jiZhj . 



1.1. The Laplacian on the space CPA(F). Let CPA(F) be the space of continuous, piece- 
wise affine complex-valued functions on F. 

For each point p G F, consider the set Vec(p) of "formal unit vectors v emanating from 
p" . (A rigorous definition is given in The cardinality of Vec(p) is just the "valence" of 
p (which is equal to 2 for all but finitely many points p G F). If v E Vec(p), we define the 
directional derivative d^f{p) of / at p (in the direction v) to be 

t-+0+ t 

For / G CPA(F), we define the Laplacian A/ of / to be the discrete measure A/ = 
~ Sper ^p(/)'^P' where crp(/) is the "sum of the slopes of / in all directions pointing away 
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from p"; more precisely, <7p{f) = J2veYcc{p)^-"f(p)- (Here 6p is the discrete probability 
measure on F with the property that Jp f{x)6p{x) = f{p) for all / G C(r).) 

This is essentially the definition of the Laplacian Aqr given by Chinburg and Rumely in 
|("Rj , except that our Laplacian is the negative of theirs. We also remark that the definition 
of A on CPA(r) is closely related to the classical definition of the Laplacian matrix for a 
finite weighted graph (see |BFj for details). 



1.2. The Laplacian on the Zhang space. Following Zhang |Zhj . one can define the 
Laplacian on a more general class of functions than CPA(F). The resulting operator combines 
aspects of the "discrete" Laplacian from the previous section and the "continuous" Laplacian 
-f"{x)dx on R. 

We define the 'Zhang space' Zh(F) to be the set of all continuous functions / : F ^ C 
such that / is piecewise and f"{x) G L^{T). (In general, when we say that / is piecewise 
C^, we mean that there is a finite set of points Xf C F such that F\Xy is a finite union of 
open intervals, and the restriction of / to each of those intervals is C'^.) 

For / G Zh(F), we define A/ to be the complex Borel measure on F given by 




A(/) = -nx)dx -J2\Y. '^^^f^p) I 

, i?SVec(p) 



where if x = p + t-u G F\X/, we set f"{x) = jpf{p + tv). 

If / G CPA(F) C Zh(F), then clearly the two definitions of the Laplacian which we have 
given agree with each other. 



Let ( , ) denote the inner product on Zh(F), i.e., {f,g) = f{x)g{x)dx. The following 
result shows that the Laplacian on Zh(F) is "self-adjoint", and justifies the choice of sign in 
the definition of A. 

Proposition 1.1. For every f,g G Zh(F), J^gdAf = f dA^ = {f,g'). 

Proof. This formula is given in Zhang (|Zhj, proof of Lemma a. 4), and is a simple consequence 
of integration by parts. We repeat the proof for the convenience of the reader. 

Since /, G Zh(F), there is a vertex set X for F such that F\X consists of a finite union 
of open intervals, f"{x) and g"{x) are continuous on F\X, and f"{x),g"{x) G L^(X). In 
particular /' and g' are continuous on F\X. Using that f"{x) and g"{x) belong to L^(T) one 
sees that /' and g' have boundary limits on each of the open segments making up F\X, and 
these limits coincide with the directional derivatives at those points. 

Identifying F\X with a union of open intervals (a,, bi), i = 1, . . . , N, and identifying the 
directional derivatives at the points in X with one-sided derivatives at the endpoints, we 
find by integration by parts that 

^ rh 

(/,^7)Dir = - / fix)9"{x)dx + f{k)g'{h)-f{a^)g'{a,)) 



i=l 

^ rb.. 



J2 r f{x)g'{x)dx = [ f\x)g'{x)dx. 

j=l -la, Jv 



□ 
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It follows that the Laplacian has total mass 0: 



Corollary 1.2. For any f G Zh(r), we have j^^f ~ ^- 
Proof. J^Af = J^ldAf = J^fdAl = 0. 



□ 



This generalizes the fact (see jCEl Corollary 2.9]) that if / G CPA(r) and A/ = J^i^iK^ 
then ^ Cj = 0. 

1.3. The Dirichlet inner product and eigenfunctions of the Laplacian. Motivated 
by Proposition ll.il we define the Dirichlet inner product on Zh(r) by 



We define a corresponding Dirichlet seminorm by H/llnir = {fi /)Dir- 
Note that H/Hoir > for all / G Zh(r), with equality if and only if / is constant. Thus 
II llDir is indeed a seminorm on Zh(r). 

To obtain an honest norm, let /i be a real-valued signed Borel measure on F with /i(r) = 1 
and \^i\{T) < oo, and define Zh^(r) = {/ G Zh(r) : /rf/i = 0}. Then for / G Zh^(r), 
||/||Dir = if and only if / = (i.e., || Hoir defines a norm on Zh^(r)). 

Let Dir^(r) denote the Hilbert space completion of Zh^(r) with respect to the Dirichlet 
norm. By Corollary 13.31 below. Dir^(r) can be naturally identified with a subspace of C(r), 
the space of continuous complex-valued functions on F. 

We define a nonzero function / G Zh^(F) to be an eigenfunction of the Laplacian {with 
respect to /i) if there exists A G C such that 



or equivalently {f,g)Dir = Hf^d), for all g G Dir^(F). 

It is important to note that we only test this identity for g in the space Dir^(F), so in 
particular the eigenvalues and eigenfunctions depend on the choice of /x. 

The condition {f,g)r)h = X{f,g) makes sense for f,g & Dir^(F) as well, so there is a 
natural extension to Dir^(F) of the notion of an eigenfunction of the Laplacian. (It is 
irrelevant whether we require g to be in Zh^(F) or Dir^(F).) Later we will see that the space 
Zh^(F) is not always large enough to contain a complete orthonormal set of eigenfunctions, 
and we will describe a space which does. 

Setting f = g in the definition of an eigenfunction, it is easy to see that the eigenvalues 
of the Laplacian on Zh^(F) (or Dir^(F)) are real and positive. 

Example 1: Suppose = |(5o + on F = [0, 1]. We will see later fProposition 115. ij) 
that every eigenfunction of the Laplacian on Dir^(F) is piecewise C°°. It follows that / is an 
eigenfunction of A with respect to fi iff there exists A G M such that 






for aU g G Zlv(F). 
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As (7(0) 



g{l) for all g G Zh^(r), this simplifies to 



(7(l)[/'(l) + /'(0)]- f nx)g{x)dx = \ f f{x)g{x)dx. 




It is not hard to show that this identity holds for all g G Zh^(r) if and only if /'(O) = —/'(I) 
and f"{x) = —Xf{x). As / e Zh^(r), we must also have /(O) = —/(I). These conditions 
yield the eigenf unctions a„ cos(?7,7ra;), 6„ sin(n7ra;) for all odd integers n > 1, and corresponding 
eigenvalues n^vr^ (each occuring with multiplicity 2), again for n > 1 odd. 

Example 2: Suppose fi = dx is Lebesgue measure on F = [0,1]. It is shown in (^lEl 
Example 1) that eigenf unctions of the Laplacian in Dir^(r) satisfy f"{x) = — A/(x) with 
the boundary conditions /'(O) = /'(I) = 0. These conditions yield the eigenfunctions 
Qn cos(n7rx) for n = 1,2, 3, with eigenvalues A„ = tt-^tt^. 

Comparing Examples (1) and (2) illustrates the fact that the eigenfunctions and eigenval- 
ues depend not only on T, but on the choice of /i. 

In ^ we will discuss how the classical Rayleigh-Ritz method can be used to obtain the 
following result: 

Theorem 1.3. Each eigenvalue X of A on Dir^j(r) occurs with finite multiplicity. If we 
write the eigenvalues as < Ai < A2 <■■ • {with corresponding eigenfunctions /i,/2,..., 
normalized so that H/nlh = 1), then lim^^oo A„ = 00 and {fn} forms a basis for the Hilbert 
space Dir^(r). 

It follows that each / G Dir^(r) has a generalized Fourier expansion 



We will see later that the series in ()1.2|) converges uniformly to /. However, the techniques 
of ^ are not strong enough to prove even pointwise convergence. 

To establish stronger convergence results, we study eigenfunctions of the Laplacian via 
an integral operator if^ which (in a suitable sense) is inverse to the Laplacian on Dir^. 
Working with integral operators, rather than differential operators, is a well-known method 
for improving convergence. 

1.4. The general measure-valued Laplacian. An important observation is that the 
Laplacian exists as a measure- valued operator on a larger space than Zh(r). In ^ we 
will define a space BDV(r) C C(T) which is in a precise sense the largest space of continuous 
functions / for which A/ exists as a complex Borel measure. (The abbreviation BDV stands 
for "bounded differential variation". We refer to 21fo^^ the definition of BDV(r), and of A/ 
for / G BDV(r).) We also define BDV^(r) = {/ G BDV(r) : f dfi = 0}. 

Consideration of the measure-valued Laplacian on BDV(r) is important for our integral 
operator approach to the spectral theory of A, and the space BDV(r) plays a role in our 
theory similar to that of a Sobolev space in classical analysis. 

1.5. The j-function and the Arakelov-Green's function g^. In jCRj (see also |BFj ). 
a kernel j(^{x,y) giving a fundamental solution of the Laplacian is defined and studied as a 
function of x,y,( G F. For fixed ( and y it has the following physical interpretation: when 



00 



(1.2) 




n=l 
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r is viewed as a resistive electric circuit with terminals at ( and y, with the resistance in 
each edge given by its length, then j(^{x, y) is the voltage difference between x and (, when 
unit current enters at y and exits at ( (with reference voltage at (). For fixed y and (, the 
function j({x,y) is in CPA(r) as a function of x and satisfies the differential equation 

(1.3) A,{jdx,y)) = Sy{x)-6c{x) 

(see |CRj . formula (2), p. 13; recall that our A = —Acr). 

As before, let be a real- valued signed Borel measure of total mass 1 on F. We define the 
Arakelov- Green's function g^x^y) associated to /i to be 



9iJi{x,y) = / jf(x,?/)rf/i(C) -Cf, 



/J- 
r 



where = j^i(^{x,y) diJ,{()diJ,{x)dn{y). 

One can characterize g^x^y) as the unique function on F x F such that 

(1) g^{x, y) is an element of BDV^(F) as a function of both x and y. 

(2) For fixed g^ satisfies the identity 

^xgf.ix,y) = 6y{x) -/i(x). 

(3) IIrxr9i^{x,y)dKx)dM = 0. 

1.6. The integral transform ip^x^y). For / G -^^^(F), define 

^M) = j 9^^{x,y)f{y)dy. 
We will see that cp^ : ^^(F) BDV^(F) and that 

A{p,{f)) = fix)dx-ijjix)dx)ix. 
In particular, if j-^ g dfi = then 



g{x)A{cp,{f)) = / gix)fix)dx. 
r Jr 

We will see that the operator p^ : L'^{T) L'^i^) is compact and self-adjoint, and then 
an application of the spectral theorem will yield: 

Theorem 1.4. The map p^ has countably many eigenvalues a-i, each of which is real and 
occurs with finite multiplicity. The nonzero eigenvalues can he ordered so that \ai\ > \a2\ > 
. . . and limj^oo = 0. Each eigenfunction corresponding to a nonzero eigenvalue belongs 
to BDV^(F). L'^{T) has an orthonormal basis consisting of eigenfunctions of ipfj,, and each 
eigenfunction corresponding to a nonzero eigenvalue belongs to BDV^(F). 

We will also see that a nonzero function / G Dir^(F) is an eigenfunction for A on Dir^(F) 
with eigenvalue A if and only if it is an eigenfunction of y?^ with eigenvalue a = 1/A. 

This gives us an alternative way to understand the spectral theory of the Laplacian. In 
particular, it will allow us to prove that the generalized Fourier series expansion in (jl.2j) 
converges uniformly on F for every / G Dir^(F). 
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1.7. Eigenfunction expansion of g^{x, y). The integral operator approacli will also enable 
us to prove the following result concerning the eigenfunction expansion for g^{x, y): 

Proposition 1.5. Let the fn be as in the statement of Theorem li. 'd Then the series 
^oo^^ fn{x)fn{y) (converges uniformly to g^{x^ y) for all x,y gT. 

Proposition 11.51 can be used to prove the following results, which are closely related to 
results in fBR! and served as part of the motivation for this paper. For the statement of 
Theorem II. 6[ let Meas(r) denote the space of all bounded signed Borel measures on F. 

Theorem 1.6. Among all v G Meas(F) with z/(F) = 1, fi is the unique measure minimizing 
the energy integral 



(1.4) /^(z/) = // g^{x,y)diy{x)diy{y) . 

Proposition 1.7. There exists a constant C > such that if N > 2 and Xi, . . . ,Xj\f G F, 
then 

j^^^^^^-^Y,9,{x„x,) > --. 

We remark that Theorem 11.61 is motivated by classical results from potential theory, and 
Proposition II . 71 specializes to |HSf. Lemma 2.1] when F is a circle. 

In the latter part of the paper, we will study the regularity and boundedness of the 
eigenfunctions, and give an algorithm to compute them for a useful class of measures /i. 

1.8. Examples of eigenfunction expansions. Here are some examples of eigenfunction 
expansions for g^{x,y). 



1. F = [0,1], fi = dx. 



( \ _ J + 1(1 - ?/)^ - I iix<y 



2 Sn>l 



cos(n7rz) cos(n7rj/) 



2^2 



2. F= [0,1], /i = i^o + i^i- 

9fi{x,y) = j-l\x-y\ 

El cos(n7r3;) cos(n7ry) , sin(7i7r3::) sin{nny) 
n>l odd I TT^n^ Tr^n^ 

3. F=[0,l],/i = 5o. 

9f,ix,y) = mm{x,y} 



°Z^n>lodd 7r2n2 



4. F = M/Z, n = dx. 



9f,{x,y) = ^\x-y\^ - l\x-y\ + ^ 



y| 21 I 12 

r) I cos(27rna;) cos(2iTny) . sm(27rnx) sm{2iTny) 
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5. r = M/Z, /i = 60. 



x(l — ?/) if X < y 
y{l — x) if X > y 



2E 



sin(n7rx) sin(n7rj;) 



1.9. Related Work. The term "metrized graph" was introduced by the second author in 
|Ruj . and was further developed by Chinburg and Rumely in |CRj and by Zhang in [ZhJ. In 
those papers, metrized graphs are seen to arise naturally from considerations in arithmetic 
geometry, and the function g^{x,y) is related to certain pairings which occur in Arakelov 
theory and arithmetic capacity theory. The present paper was originally motivated by the 
study of reduction graphs and Berkovich spaces associated to algebraic curves, with an eye 
toward proving general adelic equidistribution theorems for points of small canonical height 
(see |BRj ) . It has been further developed in jRBj to yield a detailed study of the Laplacian 
on the Berkovich projective line over a complete and algebraically closed nonarchimedean 
field. 

It seems clear, however, that the theory developed in the present work should have applica- 
tions beyond its origins in arithmetic geometry. There is already a vast literature concerning 
objects which are more or less the same as metrized graphs. Other names one encounters 
for these objects include networks, metric graphs, and quantum graphs. We are not expert 
enough to survey the entire literature and comment on its relation to the present paper, 
so out of necessity we will restrict our comments to a few specific related works. Metrized 
graphs have applications to the physical sciences; for example, the papers |Nlj and |N2j 
are written in the context of mathematical biology, and deal with the spread of potential 
along the dendrites of a neuron. The survey paper |Kuj of Kuchment, on the other hand, 
is motivated by considerations in quantum physics. And the results from |AMlj - |AM3j and 
|Belj - |Be2] have applications to various aspects of physics and electrical and mechanical 
engineering. 

There is a well-developed mathematical theory dealing with differential equations and 
spectral problems on metrized graphs. We note especially the following works. In |Roj . 
J. P. Roth solves the heat equation on a metrized graph, and uses this to show the existence 
of nonisomorphic isospectral metrized graphs ("Can you hear the sound of a graph?"). In 
|Belj . J. von Below studies the characteristic equation associated to the eigenvalue problem 
for heat transmission on a metrized graph, and in the case corresponding to our /x = dx, gives 
a precise description of the eigenvalues and their multiplicities ( |Belj . p. 320). In |Be2j he 
studies very general problems of Sturm-Liouville type on graphs. He shows they have discrete 
eigenspectra and that the eigenf unctions yield uniformly convergent series expansions of 
well-behaved functions. In jAM2j . F. A. Mehmeti studies nonlinear wave equations on CW- 
complexes of arbitrary dimension, together with boundary conditions coming from higher- 
dimensional analogues of Kirckhoff's laws. By casting the theory in abstract functional- 
analytic form, he obtains very general results about asymptotics of eigenvalues. In [Frj, 
L. Friedlander shows that for a "generic" metrized graph, all eigenvalues of the Laplacian 
(relative to the measure /i = dx) have multiplicity one. And in |Fr2j . Friedlander gives a 
sharp lower bound for the dx-eigenvalues of the Laplacian on a metrized graph. 
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We should also mention here the recent book |FJj by Favre and Jonsson. They develop 
a detailed theory of Laplacians on (not necessarily finite) metrized trees which is closely 
related to our approach in the special case where the graph is both finite and a tree. 

Finally, we would like to point out that the present paper is more or less self-contained, 
and uses less sophisticated tools from analysis than most of the papers cited above. In 
particular, we make no use of the theory of Sobolev spaces (which are omnipresent in the 
literature on networks and quantum graphs), although their introduction would probably 
shorten some of the proofs here. For the reader seeking an even less technical introduction 
to the Laplacian on a metrized graph, a leisurely survey can be found in |BFj . 

2. Metrized Graphs 

2.1. Definition of a metrized grapii. We begin by giving a rigorous definition of a 
metrized graph, following |Zhj . We will then explain how this definition relates to the 
intuitive definition given in the introduction. 

Definition 1. A metrized graph F is a compact, connected metric space such that for each 
p G F, there exist a radius > and an integer Up > 1 such that p has a neighborhood 
Vp{rp) isometric to the star-shaped set 

S{np, Tp) = {z eC: z = te'''^''*/"'' for some < t < rp and some k G Z}, 
equipped with the path metric. 

There is a close connection between metrized graphs and finite weighted graphs. A finite 
weighted graph G is a connected, weighted combinatorial graph equipped with a collection 
V = {vi, . . . ,Vn} of vertices, E = {ei, . . . ,em} of edges, and W = {wij} of nonnegative 
weights (1 <i,j < n) satisfying: 

• If Wij = then there is no edge connecting Vi and Vj. 

• If Wij > then there is a unique edge connecting Vi and Vj. 

• Wij = Wji for all i,j. 

• Wii = for all i. 

We let w{ek) denote the weight of edge e^, and define the lengthoi Ck to be L{ek) = l/w{ek)- 

There is a natural partial ordering on the collection of finite weighted graphs, where G' < G 
if we can refine G to G' by a sequence of length-preserving (as opposed to weight-preserving) 
subdivisions. 

We write G ~ G' if there exists a finite weighted graph G" with G" < G and G" < G', i.e., 
if G and G' have a common subdivision. It is easy to see that this defines an equivalence 
relation on the collection of finite weighted graphs. 

Lemma 2.1. There is a bijective correspondence between metrized graphs and equivalence 
classes of finite weighted graphs. 

Proof. Suppose first that F is a metric space satisfying Definition ^ By compactness, it 
can be covered by a finite number of neighborhoods Vp{rp). Hence there are only finitely 
many points p G F for which Up ^ 1. We will call this collection of points, or any finite 
set of points in F containing it, a vertex set for F. Let be a nonempty vertex set for F. 
Then F\\^ has finitely many connected components. Each of these can be covered by a finite 
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number of open intervals (if p is a vertex, then Vp{rp)\{p} is isometric to a set composed 
of Up disjoint open intervals), and so is isometric to an open interval (0,Lj). The closure of 
such a component in F is an edge; it will be isometric to either a segment or a loop. After 
adjoining finitely many points to V, we can assume that each edge has 2 distinct boundary 
points, and hence is isometric to a closed interval. The resulting set of vertices and edges 
defines a finite weighted graph G with weights given by w{ek) = l/Lk- It is easy to see that 
the equivalence class of G is independent of all choices made. 

Conversely, given an equivalence class of finite weighted graphs, let G be a representative 
of this class. We define a corresponding metrized graph F as follows. The points of F are 
just the points of G, where each edge of G is considered as a line segment of length Lj. It is 
clear from the definition of equivalence that this set is independent of the choice of G. 

Choose a parametrization ipi : [ai,bi] —* ei of each edge Cj of G by a line segment of 
length Lj, and let the 'chart' ipi : ci ^ be the inverse to the parametrization ipi. We 

will call a function 7 : [a, 6] ^ F a piecewise isometric path if there is a finite partition 
a = cq < ci < ■ ■ ■ < Cm = b such that for each j = 1, . . . ,m there is an edge Ci^j) such 
that 7([cj_i, Cj]) C ei(j), and oj(t) has constant derivative ±1 on [cj„i, c-,]. For any two 
points p,q eT, put 

d{p,q) = inf \b - a\, 

7(a)=p, ■y{b)=q 

where the infimum is taken over all piecewise isometric paths from p to q. It is easy to see 
that d{p, q) is independent of the choice of parametrizations, that d{p, q) defines a metric on 

F, and that for each p there is an > such that for any g G F with d{p^ q) < Vp there 
is a unique shortest piecewise isometric path from p to q. If p belongs to the vertex set of 

G, let Up be the valence of G at p (the number of edges of G incident to p). Otherwise, 
let Up = 2. Then the neighborhood Vp{rp) = {g G F : d{p,q) < rp} is isometric to the star 
S{rp, Up) C C. □ 

Henceforth, given a metrized graph F, we will frequently choose without comment a corre- 
sponding finite weighted graph G as in Lemma ITTl together with distinguished parametriza- 
tions of the edges of G. The reader will easily verify that all important definitions below 
(including the definitions of directional derivatives and the Laplacian) are independent of 
these implicit choices. 

By an 'isometric path' in F, we will mean a 1 — 1 piecewise isometric path. Since F is 
connected, it is easy to see that for all x, ?/ G F, there exists an isometric path from x to y. 
We will say that an isometric path 7 : [0, L] — > F emanates from p, and ends at q, if 7(0) = p 
and 'y{L) = q. If p G F, there are Up distinguished isometric paths 7^ emanating from p such 
that any other isometric path emanating from p has an initial segment which factors through 
an initial segment of one of the distinguished paths. We will formally introduce Up "unit 
vectors" Vi to describe these paths, and write p + tvi for 7j(t). By abuse of language, we will 
refer to the distinguished paths 7i(t) = p + tvi as 'edges emanating from p\ If / : F — > C is 
a function, and v = Vi a, unit vector at p, then we will define the ' (one-sided) derivative of / 
in the direction tT to be 

t^o+ t 
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provided the limit exists as a finite number. Write Vec(p) for tlie collection of directions 
emanating from p. 



3. ElGENFUNCTIONS VIA COMPARISON OF DiRICHLET AND NORMS 

In this section, we discuss a "Rayleigh-Ritz"-type method for constructing eigenfunctions 
of the Laplacian. The method is motivated by a classical procedure for solving the Laplace- 
Dirichlet eigenvalue problem (see e.g. |PE, Chapter 4]). 



Recall that the inner product for f,g E L'^iX) is {f,g) = {f,g)L'2 = J-p fix)g{x) dx, 
with associated norm || • ||2 = (/, Z)^''^- 

Let yU be a real- valued signed Borel measure on T with /i(r) = 1 and |/^|(r) < oo. Recall 
from ^1.31 that Zh(r) denotes the space of all continuous functions / : F — C such that / 
is piecewise and /" G L\T), and Zh^(r) = {/ G Zh(r) : f d^i = 0}. Also, Dir^(r) 
denotes the completion of Zh^(r) with respect to the Dirichlet norm || ■ ||Dir, and i^^(r) 
denotes the completion of Zh^(r) with respect to the L^-norm. 

Lemma 3.1. For all f G Zh^(r), we have the estimates 

||/IU<OT^-H(r)-||/llDin 

and the Poincare Inequality 

\2<m-\^m-\\f\u, 



where i{r) = j-^dx is the total length ofT. 

In particular, there exist constants C001C2 > {depending only on /x and T) such that 
, < Cooll/lloir and II/II2 < Csll/lloir for all f G Zh^(r). 



Proof. Fix a point xq G F, let x G F be another point, and let 7 be an isometric path from 

Xq to X. 

Since / is continuous and piecewise C^, it follows from the fundamental theorem of calculus 
that /(x) — /(xo) = / fit) dt, so that 



|/(x)-/(xo)|< / \f'{t)\dt< / \f'{t)\dt<i{TY/' 



Dir 

by the Cauchy-Schwarz inequality. Since / G Zh^(F) we have J^f{x)dfi{x) = 0, so 
/r ifi^) - fi^o)) dnix) = -/(xo), and 

l/(^o)| = I ^ (fix) - /(xo)) rf/i(x)| < ^ |/(x) - /(xo)| d^x) 

< W/Vl(r)||/||Dir. 

This holds for each xq G F, so ||/||oo < ^(r)^|/i|(F)||/||Dir and 

\\f\\i = l\fix)\'dx <i{Tr\f^\{Tnf\\i^ 

as desired. □ 
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Corollary 3.2. A sequence in Zh^(r) which is Cauchy with respect to the Dirichlet norm 
is also Cauchy with respect to the L'^-norm. In particular, there is a natural inclusion map 
Dir^(r)CL^(r). 

Corollary 3.3. We can uniquely identify Dir^(r) with a linear subspace of C{r) contain- 
ing Zh^(r) in such a way that for each f G Dir^(r), ||/||oo < Cooll/lloir- Under this 
identification, each f G Dir^(r) satisfies Jp f{x) dfi{x) = 0. 

Proof. Take / G Dir^(r). Let /i, /2, • • • G Zh^(r) be a sequence of functions with ||/ — 
/nlloir 0. Then for each e > 0, there is an N such that for all n,m> N, — /mlloir < 

By Lemma Em \\fn - fm\\oo < C'oo||/n - /m||Dir, so the functions /„ converge uni- 
formly to a function F{x). Since each is continuous, F{x) is continuous. Furthermore 
Jp F{x) dfi{x) = since Jp fn{x) dfj,{x) = for each n. 

It is easy to see that F{x) is independent of the sequence {/„} in Zh^(r) converg- 
ing to /. (If {hn} is another such sequence, apply the argument above to the sequence 
fi,hi,f2,h2, . . ..) In particular, F{x) = if / = in Dir^(r). Thus, there is a natural 
injection : Dir^(r) C(T). We use this to identify / with F{x) = i^{f). 

We claim that ||-F||oo < C'coll/lloir- Indeed, if {/„} is a sequence of functions in Zh^(r) 
converging to /, then 

||F||oo = lim ||/„||oo < lim Coo||/n||Dir = C'ooll/llDir- 

n-^oo n— >oo 

Under the identification of / with L^{f), functions in Zh^(r) are taken to themselves, since 
/ G Zh^(r) is the limit of the constant sequence {/, /,/,.. .}. 

We leave the uniqueness assertion to the reader. □ 

Henceforth we will identify elements of Dir^(r) with continuous functions as in Corollary 
13.31 Since Zh^(r) is dense in Dir^(r), we easily deduce the following stronger version of 
Lemma 13.11 

Corollary 3.4. // / G Dir^(r), then < CooH/bir and \\fh < C2\\f\\mr- 

The next lemma will be used in the proof of Lemma f3. 61 For the statement, recall that a 
sequence {/„} in a Hilbert space H converges weakly to / G if if 

(/n,^) {f,9) 

for all g & H. 

Lemma 3.5. Suppose fn G Zh^(r) and fn^^ weakly in Dir^(r). Then for every subset S 
of V isometric to a closed interval, we have 

I fl{x)dx ^ 0. 
Js 

Proof. Assume that 5* is parametrized by the segment [a,b]. Then by the fundamental 
theorem of calculus and the defining relation A^jf^^x, y) = Sy{x) — S(^{x) for j(^{x, y), we have 

Isfni^)(^^ = fn{b)-fn{a) 

= Jr fn{x) d {6b{x) - 6a (x) ) 
= Jr fn{x)d{A^ja{x,b)) 
= Ir f ni^) {£ J a{x,b)) dx, 
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where the last equahty follows from Proposition ll.il 

Since ja{x, 6) + G Zh^(r) for some constant G M, the hypothesis of weak convergence 
now gives us what we want. □ 

Remark: When F contains a cycle, there need not be a function gs in Zh^(r) whose 
derivative is the characteristic function of S. When such a function gs exists, however, one 
can argue more simply that 



fl{x)dx= / fl{x)g's{x)dx / Odx = 0. 
s Jr Jr 

The following lemma is analogous to Rellich's Theorem in classical analysis: 

Lemma 3.6. If fn f weakly in Dir^(r) and the sequence ||/n||Dir is bounded, then fn^f 
strongly in L^(r). In particular, \\fn\\2 ~ 



Proof. Choose a sequence gn of functions in Zh^(r) such that \\gn — /nlloir 0. If we can 
prove the lemma for the sequence gn, then the corresponding result for /„ follows easily using 
Corollarv 13.41 We may therefore assume, without loss of generality, that each G Zh^(r). 

We want to show that Jp \fn{x) — f{x)\'^dx —>■ 0. By Lebesgue's dominated convergence 
theorem, it is enough to show that fn ^ f pointwise, and that there exists M > such 
that |/n(a;)| < M for all x G r,n > 1. The latter assertion is clear from Lemma l3.H since 
the Dirichlet norms of the /„'s are assumed to be bounded. So it remains to prove that /„ 
converges pointwise to /. 

Let hn = fn — f ■ As in the proof of Lemma EUl fix a point xq G F, let x G F, and choose 
an isometric path 7 from xq to x. Then by the fundamental theorem of calculus, we have 
hn{x) = hn{xo) + h'^(t) dt for all n. 

As /i„ — > weakly in Dir^(F), we see by Lemma [3.51 that 

\hn{x) - hn{xQ) \ = I / h'^{t) dt\ 0, 



7 



so that hn{x) — hn{xo) — > as n ^ cxD. 

On the other hand, since the functions hn{x) are uniformly bounded on F, it follows by 
Lebesgue's Dominated Convergence Theorem that 



{hn{x) - hn{xo)) d^{x) 0. 
As Jp hn{x) dfi{x) = 0, this shows that hn{xo) ^ as n ^ 00 as desired. □ 

We now define what it means to be an eigenfunction of the Laplacian on Dir^(F). 

Definition 2. A nonzero function / is an eigenfunction for A acting on Dir^(F) if there 
exists a constant A G C (the eigenvalue) such that for all g G Dir^(F) 

(3.1) {f,9)Dir = X{f,g) . 

It is clear (setting g = f) that every eigenvalue of A is real and positive, and we will write 
A = 72 > 0. 



14 MATT BAKER AND ROBERT RUMELY 

Theorem 3.7. 

A) Each eigenvalue X of A on Dir^(r) is nonzero and occurs with finite multiplicity. If we 
write the eigenvalues as < Ai < A2 <■■ ■ (with corresponding eig en functions /i, /2, • • ■), 
then lim„_^oo A„ = 00. 

B) Suppose the eigenfunctions /„ are normalized so that \\fn\\2 = 1- Then {/„} forms a 
basis for Dir^(r), and an orthonormal basis for L^(r). 

We will not give a proof of Theorem 13 .71 since the ideas involved are well-known (see e.g. 
[PEl Chapter 4], jKu|). However, it seems worthwhile to at least point out that the "Rayleigh- 
Ritz" approach to proving Theorem 13.71 is based on the following useful characterization of 
the leading eigenvalue Ai. 

Theorem 3.8. Let Si = {f E Dir^(r) : ||/||2 = 1} be the unit sphere m Dir^(r), let 
7i = inf/gs^ il/llDir, and let Ai = 7^. Then Ai is the smallest eigenvalue of A on Dir^(r). 

The key ingredient needed to prove Theorem 13.81 along the lines of |PE| Chapter 4] is the 
estimate found in Lemma [3.61 

Before moving on, it may be useful to note how eigenvalues and eigenfunctions behave 
under scaling in the underlying graph. If F is a metrized graph, and < /5 G M, we can 
define a new metrized graph r(/5) whose underlying point set is the same as F, but in which 
all distances are multiplied by /5. Write d{x,y) for the metric on F, and dpi^x.y) for the 
metric on F(/3). There is a natural isomorphism ap : F(/5) F such that for all x,y E F(/?), 

dp{x,y) = /3 ■ d{af3{x),ap{y)). 

If is a measure on F, then fip = fi o is a measure on F(/5). 

Proposition 3.9. Let T be a metrized graph, and let fi be a real, signed Borel measure on F 
of total mass 1. Take (3 > 0. Then there is a one-one correspondence between the eigenvalues 
Xn of A on Dir^(F) and the eigenvalues A„(/5) of A on Dir^^(F(/3)), given by 

Furthermore, f G Dir^(F) is an eig enf unction for A with eigenvalue X if and only if focTf^ G 
Dir^^(F(/5)) is an eig enf unction for A with eigenvalue -^X. 

Proof. This follows immediately from the definitions, if one notes that the Dirichlet and 
pairings on F and F(/5) are related by 

(/o0-/3,5'O(T/3)Dir(r(/3)) = " (/, 5')Dir(r) , 

if ° (^(3,g ° (Tf3)mrm = 1^ ■ {f ^ 9) l^{t) , 

as follows from the chain rule and the change of variables formula. □ 

4. The Classes V{V) and BDV(F) 

Let 'DiV) be the class of all functions on F whose one-sided derivatives exist everywhere, 
i.e., 

T>(V) = {/ : F — i> C : d^jfij)) exists for each p G F and v G Vec(p)} . 
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It is easy to sec that each / G I^(r) is continuous. 

Let A be the Boolean algebra of subsets of T generated by the connected open sets. Each 
5" e ^ is a finite disjoint union of sets isometric to open, half-open, or closed intervals (we 
consider isolated points to be degenerate closed intervals); conversely, all such sets belong 
to A. Define the set b{S) of boundary points of S to be the collection of points belonging 
to the closures of both S and r\S. It is easy to see that each S E A has only finitely many 
boundary points. Note that under this definition, if F = [0, 1] and S = [0, |], for example, 
then the left endpoint is not a boundary point of S. 

For each p G b{S), let ln[p,S) be the set of 'inward-directed unit vectors at p': the 
set of all V G Vec(p) for which p + tv belongs to S for all sufficiently small t > 0. Let 
Out{p,S) = Vec(p)\In(p, 5") be the collection of 'outward-directed unit vectors at p\ If p is 
an isolated point of -S", then In(p, S) = $ and Out(p, S) = Vec(p). 

If / G 'D(F), then we can define a finitely additive set function m/ on ^ by requiring that 
for each S e A 

beb{S) veln{b,S) beb{S) veOut{b,S) 

b^S beS 

Thus, for an open set S E A, 

beb{S) veln{b,S) 

for a closed set S e A, 

beb{S) veOut{b,S) 

and for a set S — {p} consisting of a single point, 

vEVec(p) 

The finite additivity is clear if one notes that each S E A can be written as a finite disjoint 
union of open intervals and points, and that for each boundary point p of S, the set In(p, S) 
coincides with Out(p, F\S'). 
Note that 

m/(0) = m/(F) = , 

since by our definition, both the empty set and the entire graph F have no boundary points. 
It follows for any S E A 

mf(T\S) = -mf{S) . 
If /i 5/2 £ and Ci,C2 G C, then it is easy to see that the set function corresponding to 
ci/i + C2/2 is 

^ci/i+c2/2 = cim/i + C2m/2 . 

We will say that a function / G 'D{r) is of "bounded differential variation", and write 
/ G BDV(F), if there is a constant B > such that for any countable collection JF of 
pairwise disjoint sets in A, 
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It is easy to see that BDV(r) is a C-linear subspace of 'D{r). 



Proposition 4.1. Let T be a metrized graph. 

A) If f & BDV(r), then there are only countably many points Pi G F for which mf{pi) ^ 0, 
and ^-Irrif^pi)] converges. 

B) In the definition o/BDV(r) one can restrict to families of pairwise disjoint connected 
open sets, or connected closed sets. More precisely, a function f e 'D{r) belongs to BDV(r) 
if and only if 

(1) there is a constant Bi such that for any countable family T of pairwise disjoint 
connected open sets Vi E A, 

Vi connected, open 

(2) there is a constant B2 such that for any countable family T of pairwise disjoint 
connected closed sets Ei G A, 

J] \m^{Ei)\ < B2 . 

Ei connected, closed 

Proof. For A), note that for each < n G Z there can be at most nB = B/{l/n) points 
p G r with > 1/n, so there are at most countably many points with 7^ 0. 

Moreover, 

J2 \^fi{p})\ < B . 
per 

mf{{p})^0 

For B), note that if / G BDV(r) then B{1) and B{2) hold trivially. Conversely, first 
suppose -B(l) holds. We begin by showing that there are only countably many points p G F 
for which mf{p) 7^ 0, and that 

(4.1) Yl l"^/(W)l < 2i?i . 

mj({p})^0 

To see this, suppose that for some < n G Z, there were more than 2nBi points p with 
|mj,({p})| > 1/n. Then either there would be more than nBi points with m^{{p}) > 1/n, 
or more than nBi points with m^({p}) < —1/n. Suppose for example that pi, . . . ,pr satisfy 
my{{pi}) < —1/n, where r > nBi. Put K = {pi, . . . ,Pr}, and let Vi, . . . ,Vs be the connected 
components of r\K. Then 

Bi < -{mf{{pi}) + --- + mf{{pr})) = -mf{K) 
= mf{ViU---UVs) = m^{Vi) + ■ ■ ■ + m^{Vs) 
< \mf{V,)\ + --- + \mf{Vr)\ < 5i . 

Hence there can be only countably many points pi with rnf{{pi}) 7^ 0, and 1)4.11) holds. 

Now let J-' be any countable collection of pairwise disjoint sets Si G A. Each Si can be 
decomposed as a finite disjoint union of connected open sets and sets consisting of isolated 
points, and if 

Si = \/iiU---uy,,,,ufei}u---ufe,,J 
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is such a decomposition, then 

SiGJ'^ i,j i,k 

It follows that / e BDV(r). 

Next suppose that B{2) holds; we will show that B{1) holds as well. Consider a countable 
collection of pairwise disjoint connected open sets V^. Decompose — J> U where 
Vi e iff m^{y^ > 0, and Vi e ^_ iff m/(V5) < 0. Relabel the sets so that = 
{Vi, Vs, V^s, . . .}. For each n, put Kn = r\(Vi U Vlj U ■ ■ ■ U V2n+i), and decompose as a 
finite disjoint union of connected closed sets Ei, - ■ ■ ,Er. Then 

n 

^mf{V2i+i) = mf{T\K„) = \mf{Kn)\ 

i=0 

r 

< J]K(E,)| < B2. 

Letting n — > oo we see that J2vi&j^+''^f(^) — -^2- Similarly J2vi&j^- ^ -^2, so 

X^ViSjF ^ 2^2, and we are done. □ 

We now come to the main result of this section. 

Theorem 4.2. // / G BDV(r), then the finitely additive set function rrif extends to a 
bounded complex measure nip with total mass 0, on the a-algehra of Borel sets ofT. 

Proof. We begin with a reduction. It suffices to show that the restriction of to each edge 
Cj extends to a Baire measure on Cj. Identifying Cj with its parametrizing interval, we can 
assume without loss of generality that F = [a, h] is a closed interval and that / : [a, 6] — >^ C 
is in BDV([a,6]). 

Wc next decompose m/ into an atomic and an atomless part. 

Let {pi,p2,---} be the points in [a, 6] for which mf{{pi}) 7^ 0. For brevity, write q = 
m/({pi}); by hypothesis, \ci\ converges. Define gf : M — >• C by 

g{t) = \'t-Pi\ , 

i 

and let m* = Ci6p.{x) be the Borcl measure giving the point mass q to each pi. 

By a direct computation, one checks that for each a; e M, both one-sided derivatives g'^{x) 
exist, with 

X<Pi X>Pi X<Pi X>Pi 

For any closed subinterval [c, d] C [a, b] , 

mg{[c,d]) = g'_{c) - g'^{d) 

= Y a = m*([c,o?]). 

c<pi<d 

In particular the set function rUg has precisely the same point masses as mj. Similar com- 
putations apply to open and half-open intervals. Thus the measure m* extends rUg. 
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Replacing f{t) by h{t) = f(t) —git), we are reduced to the situation where h G BDV([a, b]) 
has no point masses. This means that for each p G (a, b), 

= mh{{p}) = h'_{p) - h'^{p), 

or in other words that h'{p) exists. By hypothesis, both h'^{a) and h'_{b) exist, so h{t) is 
differentiable on [a, 6]. The fact that h G BDV([a, 6]) means that h'{t) is of bounded total 
variation. 

We claim that h'{t) is continuous on [a,b]. Suppose it were discontinous at some point 
p. By Rudin { |Rudj . p. 109) the existence of h'{t) for all t means that h'{t) cannot have 
a jump discontinuity, so the discontinuity must be due to oscillation. (Rudin states the 
result for real-valued functions; apply it to the real and imaginary parts of h{t) separately.) 
Hence there would be an £ > 0, and a sequence of points ti,t2, • • either monotonically 
increasing or monotonically decreasing to p, such that \h'{ti) — h'{ti^i)\ > e for each i. 
Assume for convenience that the tj are monotonically increasing. Considering the intervals 
[ti, t2], [^3, ^4], • • • we see that 

00 

^ \mh{[t2i-i,t2i\)\ = 00 , 
1=1 

contradicting the fact that h G BDV([a,6]). 

For a < if: < 6, let T(t) be the cumulative total variation function of h'{t): letting Q vary 
over all finite partitions a = qo < qi <■■■< qm = t of [a, t], 

m 

T{t) = supV|/i'(g,)-/i'(g,_i)| . 
2 ,=1 

Then T : [a, 6] — > M is monotone increasing, and is continuous since h'{t) is continuous. By 
Royden ( |Roy| , Proposition 12, p. 301), there is a unique bounded Borel measure u on [a,b] 
such that z/((c, ci]) = T{d) — T{c) for each half-open interval {c,d] C [a,b]. Since T{t) is 
continuous, u has no point masses. 
Next put 

Ti(t) = T{t) - Re{h'{t)), T2(t) = T{t) - lm{h'{t)) . 

Then Ti(t) and T2{t) are also monotone increasing and continuous, so by the same Proposi- 
tion there are bounded Borel measures z/i, i>2 on [a,b] such that for each half-open interval 

(c, d] C [a, b], 

u,{{c,d])=T^{d)-T,{c), U2{{c,d])=T2{d)-T2{c) . 

As before, ui and 1^2 have no point masses. 

Now define the complex Borel measure = [ui — u) + {1/2 — By construction, m\ 
has finite total mass. For any half-open interval (c, d] C [a, 6], 

ml{{c,d]) = h\c)-h\d) = m,((c,t/]) . 

Since the measures z/i, and V2 have no point masses, 

K([c,c?]) = ml{{c,d)) = ml{[c,d)) = ml{{c,d]) . 

Thus extends the finitely additive set function 171^. 

Finally, adding the measures m* extending nig and extending rrih, we obtain the desired 
measure m*j = m* + extending rrif. Since mf{r) = 0, also m*j{r) = 0. □ 
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In this paper, for a function / G BDV(r) we define the Laplacian A(/) to be the measure 
given by Theorem 14.21 

A(/) = m) . 

Sometimes we will need to apply the Laplacian to a function of several variables, fixing 
all but one of them. In this case we write A^(/(x,?/)) for the Laplacian of the function 

We will now show that the Laplacian on BDV(r) agrees (up to sign) with the Laplacians 
defined by Chinburg and Rumely ( |CRj ) and Zhang (jZhj) on their more restricted classes 
of functions. If Acr denotes the Chinburg- Rumely Laplacian on the space CPA(r) of con- 
tinuous, piecewise affine functions on F, then it is easy to verify that if / G CPA(r), then 
/ G BDV(r) and Acr(/) = -A(/). 

Recall that the Zhang space Zh(r) is the set of all continuous functions f : T —>■ <C such 
that 

a) there is a finite set of points Xf C F such that F\Xj is a finite union of open intervals, 
the restriction of / to each of those intervals is C^, and 

b) /"(x) G LHF). 

Here we write f"{x) for ^/(p + tv), ii x = p + tv E F\Xj. 

Lemma 5.1. The space Zh(F) is a subset o/BDV(F). 

Proof. We first prove that the directional derivatives (i^/(p) exist for each p G Xf and each 
V G Vec(p). Fix such ap and v, and let to be small enough that p+tv G F\Xj for all t G (0, to)- 
By abuse of notation, we will write f{t) for f{p + tv). By hypothesis, / G C^((0,5)). By 
the Mean Value Theorem, dfff{p) exists if and only if limj^o+ fit) exists (in which case the 
two are equal). Given e > 0, let < 5 < to be small enough that f^^^^ \ f"(t)\dt < e; this is 
possible since /" G L^{T). Then for all ti,t2 G (0,5), 

(5.1) |/'(t2)-/(ti)| < r\nt)\dt < e, 

Jti 

which proves that limt_,o+ f'(t) = d^fij)) exists. 

Equation (jS.ip also implies (in the notation of Q that for every countable family of 
pairwise disjoint connected closed sets Ei G A, we have 

Y,\^Am < / ir(t)Mt<oo, 

so that / G BDV(F) as desired. □ 

For / G Zh(F), Zhang f |iZh^ Appendix]) defined the Laplacian A^h to be the measure 
Azh(/) = -f"{x)dx-Y,i E d,^fiP))M^)- 

P&Xf vGYec{p) 

We will now see that for / G Zh(F), A(/) = Azh(/). 
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Proposition 5.2. 

A) IffeZHT), then Azh(/) = A(/). 

B) If f E BDV(r), and A(/) has the form A(/) = g{x)dx + J2p(zx ^^p^Pii^) /^'^ ^ piecewise 
continuous function g G -^^^(r) and a finite set X , then f G Zh(r). Furthermore, let Xg be a 
finite set of points containing X, a vertex set for T , and the finitely many points where g{x) 
is not continuous; put Cp = for each p G Xg\{pi, . . . ,Pm}- Then f"{x) = —g{x) for each 
X G T\Xg, f'{x) is continuous on the closure of each segment ofT\Xg {interpreting f'{x) as 
a one-sided derivative at each endpoint), and Ap(/) = — Cp for each p G Xg. 

Proof. A) Suppose / G Zh(r). For each p G Xj, we have A(/)({p}) = Azh(/)({p})- To 
show that A(/) = Azh(/) it suffices to show that A(/)((c, d)) = Azh(/)((c, d)) for each open 
interval (c, d) contained in an edge of r\X/. But 

A(/)((c,d)) = mfiicd)) = f\c)-f\d) 

f"{x)dx = Azh((c,rf)) . 



B) Now suppose / G BDV(r), and A(/) has the given form. Consider an edge in r\Xg, 
and identify it with an interval (a, h) by means of the distinguished parametrization. For 
each X G (a, 6), we have A(/)(x) = 0, so f'{x) exists. If /i > is sufficiently small, then 

nx+h 

fix + h)- fix) = -Aif)i[x,x + h]) = - / git)dt, 



while if h < then 

fix + h)-fix) = Aif)i[x + h,x]) = r git)dt = - r\it)dt. 

J x-\-h Jx 

/ (-) = I'iS = [--hi 'V = ■ 

The assertion that Ap(/) = —Cp for each p G Xg is clear. □ 
Corollary 5.3. 

A) If f E BDV(r) and A(/) = Yl\=i^i^Pz ^ discrete measure, then f G CPA(r). 

B) If f e BDV(r), and A(/) = 0, then fix) =C is constant. 

Proof. A) Since A(/) is discrete, it follows by Proposition 15. 2l that fix) G Zh(r) and A(/) = 
^zh(/)- Fixing a vertex set X for F, we see that fix) = on F\X, so fix) is affine on each 
segment of r\X, which means that / G CPA(F). 

B) If A(/) = 0, then by part A), / G CPA(F). Suppose fix) were not constant, and put 
M = maxajgr /(a;). Let Fq = {x G F : fix) = M} and let xq be a boundary point of Fq. 
Since / G CPA(F), one sees easily that A(/)({xo}) > 0. This contradicts A(/) = 0. □ 

6. The kernels j(;ix,y) and g^ix,y) 

In f jCRj ). there is a detailed study of a "harmonic kernel" function j(^ix,y) having the 
following properties (see Lemma 2.10 of |CRj . the Appendix to |Zhj . or the expository article 

!): 
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A) It is jointly continuous as a function of three variables. 

B) It is non-negative, with j({C^ v) = Jc(^' C) = for all x,yX ^ T. 

C) It is symmetric in x and y: for fixed (, 

D) For fixed C, and the function jc^^yix) = j({x, y) is in CPA(r) and satisfies the Laplacian 
equation 

^x{jd^,y)) = 6y{x) - 6dx) . 
For any real-valued, signed Borel measure /i on F with /i(F) = 1 and |/i|(F) < oo, put 

jd^,y) = / J({x,y)dfx{C) . 



Clearly jfj,{x,y) is symmetric, and is jointly continuous in x and y. It has the following 
properties which are less obvious : 

Proposition 6.1. 

A) There is a constant c^(F) such that for each y G F 



jd^,y) d^i{x) = c^(F) . 

B) For each y G F, the function Fy{x) = id^.y) belongs to the space BDV(F), and 
satisfies 

Proof. For A) see |CRj . Lemma 2.16, p. 21. 

For B), fix ?/ and note that the existence of the directional derivatives d^Fy{x) follows from 
( |(yR,j . Lemma 2.13, p. 19). Hence Fy G ^^(F). Also, noting that jy{y,x) = for all x, it 
follows that for the measure u = ^ — Sy{x) of total mass 0, we have j^{x,y) = j^^^y) for 
all X. Then, { |CRj . Lemma 2.14, p. 20) tells us that for any subset D dV which is a finite 
union of closed intervals, the finitely additive set function nip^ satisfies 

(again recall that A = — Acr). For any countable collection JF of pairwise disjoint sets Di 
of the type above, it follows that 

oo oo 

5^|m^,(A)| < J^kKA) < kl(r) , 

i=l i=l 

SO by Proposition l4. 11 Fy G BDV(F). The measure A(Fy) = m*p^ attached to Fy is determined 
by its value on closed intervals, so it coincides with 6y{x) — /i. □ 

We now define a kernel y) which will play a key role in the rest of the paper: 

ad^.y) = 3f,{x,y) - c^(F) . 
It follows from Proposition 16. II that gn{x,y) continuous, symmetric, and for each y 

(6.1) / gdx,y)dfx{x) = . 
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7. The operator v^/^ 

Convention. For the rest of this paper, n will denote a real, signed Borel measure with 
/i(r) = 1 and |yu|(r) < oo. 

For any complex Borel measure z/ on F with |z^|(F) < oo, define the integral transform 
Write 

BDV^(F) = {/ G BDV(F) : ^ f{x) = 0} . 

Proposition 7.1. The function F{x) = (p^{i'){x) belongs to BDV^(F), and satisfies 

A{F) = u-u{T)fi . 
Proof. First note the following identity: for each p € F, 

3d^,y) = jd^,p) - jy{x,p) + jyiCp) . 

To see this, fix (, y and p; put H{x) = j(^{x,y), h{x) = j^x^p) — jy{x,p). Then 

A,{H) = A^{h) = 6y{x)-6dx) , 

so by ( |CRj ■ Lemma 2.6, p. 11) H{x) — h{x) is a constant C. To evaluate C, take x = (; 
using jdC,y) = JdC^P) = we obtain C = jy{C,p). 
Inserting this into the definition of fd^), we find 

Fix) = / 9d^,y)duiy) 



{jc(^'P) - Jyix,p) + jyiCp)} dfi{C) - CM(r)j dv{y) 

= u{T)jdx,p) -ju{x,p) + Cp, 

where Cp is a constant. Hence Proposition Ib.lf B) shows that F G BDV(F) and A(F) 
u — z^(F)/i. 

Finally, the fact that F G BDV^(F) follows from Fubini's theorem: 



F{x)dii{x) = j (^j g^{x,y) dn{x)^ du{y) 



□ 

8. ElGENFUNCTIONS OF (/}^ IN L^(F) 

Given a Borel measurable function / : F ^ C, write ||/||i, H/lh, and ||/||oo for its L^, 
and sup norms. Write L^{T), L'^{T) for the spaces of L^, functions on F relative to 
the measure dx. It follows from the Cauchy-Schwarz inequality that L'^{T) C -^^^(F). Write 
(/) 9) = /r f{x)g{x) dx for the inner product on L'^iV). 

Given / G -^^^(F), let v be the bounded Borel measure f{x)dx, and define 

^df) = '^d^) = / 9i^ix,y)f{y)dy . 
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By Proposition O e BDV^(r). 

Equip BDV^(r) with the norm, and view it as a subspace of L'^{T). Write -Z^^(r) for 
the completion of BDV^(r). 

For the next proposition, recall that a sequence z/„ of measures on a compact space X 
converges weakly to a measure if / fdi^n J fdv for all continuous function / : X — M. 

Proposition 8.1. Suppose ui, 1^2, u^, ... is a bounded sequence of complex Borel measures on 
r which converge weakly to a Borel measure v. Then the functions converge uniformly 

to '{'^{i') on r. 

Proof. First, note that z/, being a weak limit of bounded measures, must be bounded. Write 
Fi{x) = ip^{i^i) and F{x) = '^^{i')- For each x, gij.{x, y) is a continuous function of y. Hence, 
by the definition of weak convergence, the functions Fi[x) converge pointwise to F{x). 

We claim that the convergence is uniform. Fix e > 0, and let d{x, y) be the metric on 
the graph F. Since g^{x, y) is continuous and F is compact, g^{x^ y) is uniformly continuous. 
Hence there is a 5 > such that for any Xi,X2 G F satisfying d{xi^X2) < 5, 

\9ii{xi,y) -g^{x2,y)\ < e 

for all y eT. Write Bsc{6) = {z G F : d{x, z) < 5}. Since F is compact, it can be covered by 
finitely many balls B{xj, 5), j = 1, . . . , m. Let N be large enough so that \Fi{xj)—F{xj)\ < e 
for all J = 1, . . . , m and all i > N. Then for each x G F, and each i > N, if Xj is such that 
d{x, Xj) < 6 then 

mx) - Fix)\ < \F,ix) - F,ix,)\ + \F,ix,) - Fix,)\ + - . 

But \Fi{x) - Fi{xj)\ < J^\g^{x,y) - gf,{xj,y)\d\ui\{y) < \i^i\{T)e, and similarly \F{x) - 
F{xj)\ < \iy\{T)e. Hence \Fi{x) - F{x)\ < (sup^ |z/i|(F) + |z/|(F) + l)^. □ 

Proposition 8.2. The operator ip^ : L'^{T) L'^{^) is compact and self-adjoint, and maps 
L2(F) into BDV^(F). 

Proof. Since is real, g^{x,y) is real-valued and symmetric, so (p^ is self-adjoint. 

It remains to see that y?^ is compact. Let /i, f2, ■ ■ ■ G L'^iT) be a sequence of functions 
with bounded norm. By the Cauchy-Schwarz inequality, the norms of the are also 
bounded, so the sequence of measures fi{x) dx is bounded and has a subsequence converging 
weakly to a bounded measure u on F. After passing to this subsequence we can assume it 
is the entire sequence {/«}. By Proposition 18.11 the functions v'^(/i) converge uniformly to 
(f^liy), which belongs to BDV^(F). Clearly they converge to ^fj,{v) under the norm as 
well. □ 

Definition 3. A nonzero function / G -Z^^(F) is an eigenfunction for ^9^, with eigenvalue a, 
if <^m(/) = a ■ /■ 

Applying well-known results from spectral theory, we have 

Theorem 8.3. The map ip^ has countably many eigenvalues ai, each of which is real and 
occurs with finite multiplicity. The nonzero eigenvalues can be ordered so that \ai\ > \a2\ > 
. . . and limj^oo l^il = 0. Each eigenfunction corresponding to a nonzero eigenvalue belongs 
to BDV^(F). Finally, the space L'^{T) has an orthonormal basis consisting of eigenf unctions 
of^^- 
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Proof. See Lang f |Laj ): all the assertions are contained in the Spectral Theorem for com- 
pact hermitian operators (ILaf, p. 165), together with ( |Laj . Theorem 10, p. 208), and ( jLaj . 
Theorem 11, p.210). ^ □ 

We now investigate the eigenfunctions of with eigenvalue 0, that is, the kernel of in 
L^(r). We begin by reformulating Proposition 17.11 in the present context: 

Lemma 8.4. For each f G -^^^(r), 

A(v9^(/)) = f{x)dx-{[ f{x)dx)f,. 



r 



Proposition 8.5. If = g{x)dx for a real-valued function g{x) G i^^(r) with J.^g{x)dx = 1, 
then Ker((y9^) = C-g{x) and the L'^-closure of ip^(BDV ^(T)) {and of ip ^{LP' (V))) is 'C-g{x)-^ . 
Otherwise, Ker((y9^) = {0} and the L'^-closure of the image is all of L'^iV). 
In either case, Ker(v9^) n BDV^(r) = {0}. 

Proof. Suppose 7^ / G -^^^(r) belongs to Ker((y9^). By Lemma 

= A,.(y.^(/)) = f{x)dx-ijj{x)dx)fi. 

Write Cf = f-^f{x)dx. Since / 7^ 0, the equation above shows that Cf 7^ 0. Hence 
/i = {1/Cf)f{x)dx = g{x)dx, with g G L'^{T) and Jp g{x)dx = 1, and / G C-g{x). Conversely 
if fi has this form, then 

V^ig)ix) = J g^{x,y)g{y)dy = j g^{x,y)dn{y) = 

by formula ()6.H) and the symmetry of g^{x,y). 

When /i = g{x)dx, if g{x) i BDV(r) then clearly Ker((^^) n BDV^(r) = {0}. If g{x) G 
BDV(r), then since g{x) is real-valued, g{x)dfi{x) = f^g{x)'^dx > 0, so g{x) ^ BDV^(r). 

The assertions about the L^-closure of the image of (p^ follow from our description of the 
kernel and from Theorem 18.31 □ 



9. Eigenfunctions from the point of view of Laplacians 

In this section we will give an integro-differential characterization of eigenfunctions of (p^. 

Proposition 9.1. A function 7^ / G BDV(r) is an eigenfunction of ip^ with nonzero 
eigenvalue if and only if 

A) Jp f{x)dfi{x) = 0; and 

B) for some constants A, C G C, A(/) = A ■ {f{x)dx — Cfi). 

If A) and B) hold, then necessarily A G M and C = Jp /(x) dx, with (p^{f) = j ' f ■ 

Remark: In Theorem 110.31 below, we will see that in fact A > 0. 

Proof. If 7^ / G BDV(r) is an eigenfunction of ip^ with nonzero eigenvalue a, then iPfj,{f) = 
af, so = / (p^{f){x) dfi{x) = a ■ /p /(x) dfi{x) so / G BDV^(r). By Lemma lOI 

A(/) = -•A(v9^(/)) = ^.{f{x)dx-Cff,) 
a a 

where Cf = f{x)dx. 
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Conversely, if A) holds, then / G BDV^(r); and if B) also holds then by Lemma | 



(9.1) A(A ■ ^,{f) - /) = A ■ ( / f{x)dx - C) ■ /i . 
By Theorem 14 .21 

(9.2) = j^dA{\^,U)-f) 



= A ■ (y f{x)dx -C)- j dfi = A ■ (y f{x)dx - C) . 

By 1)9.11) we have A(A9?^(/) — /)) = 0, so Corollarv 15.31 shows X{p^{f) — / is a constant 
function. Since / and ^^{f) both belong to BDV^(r), we conclude \ip^{f) = f. Here f ^ 
by hypothesis, so A 7^ 0. It follows that / is an eigenvalue of ip^^ with nonzero eigenvalue 
a = 1/A. By Theorem 18.31 a, and hence A, is real. Since A 7^ 0, equation ()9.2|) gives 
C = J^f{x)dx. □ 

Definition 4. A nonzero function / G BDV(r) will be called an eigenfunction of A in 
BDV^(r) if it satisfies conditions (A) and (B) in Proposition 19.11 

10. POSITIVITY AND THE DiRICHLET SeMI-NORM 

In this section we will show that the nonzero eigenvalues of y?^ are positive. This is 
intimately connected with the positivity of the Dirichlet semi-norm on BDV^(r), which we 
also investigate. 

On the space Zh(r) the Dirichlet inner product (/, 5')Dir is given by the equivalent formulas 



(10.1) {f,9)Dn = jj\x)g'{x)dx = Jj{x)dA{g) = J^g{x)dA{f). 
We have seen that Zh(r) C BDV(r). We claim that for all f,g e BDV(r) 

(10.2) J f{x)d'K{g) = J^)dAif). 

To see this, take f,g e BDV(r) and write u = A(/) and uj = A{g). Then u{r) = u{r) = 0. 
For any real Borel measure /i on F, the function /^(x) := v^^(z^) = j-^g^{x,y) du^y) belongs 
to BDV^(F). By Proposition 17.1) A(/^) = z/. Hence A(/ — /^) = 0, which means that 
/ = + C for some constant C. Thus for any g G BDV(F), 



fiy)dA{g){y) = / f^{y)du{y)= jj g^{x,y) dp{x) du{y). 
r Jr J Jfxt 

In light of this we define the Dirichlet pairing on BDV(F) x BDV(F) by 



(10.3) (/,^?)Dir = f{y)dA{g){y) = g{x) dAU){x 



r 



;i0.4) = // g,{x,y)dA{f){x)dA{g){y). 

'TxT 
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Note that if f{x) and g{x) are replaced by f{x) + C and g{x) + D for constants C and 
D, the value of {f,g)mr remains unchanged, since A(C) = A(Z}) = 0. Finally, observe that 
the choice of /i in (jl(J.4j) is arbitrary, since it does not occur in (jl(J.3|) . In particular (taking 
/X = 5^(a;)), the kernel g^{x,y) in ()l().4j) can be replaced by j({x,y) for any point (. 

We will now show that {f,g)Dh defines a semi-norm on BDV(r) whose kernel consists of 
precisely the constant functions. For this, we will need some preliminary lemmas. The first 
is well-known: 

Lemma 10.1. Let X,Y be compact Hausdorff topological spaces, and let (resp. Vi) he a 
hounded sequence of signed Borel measures on X (resp. Y). If fii converges weakly to fx on 
X and Vi converges weakly to v on Y , then x z/j converges weakly to fi x u on X x Y . 

Proof. By hypothesis, there exist M, > such that |/Uj|(r) < M and |^'j(r)| < for all i. 
According to the Stone- Weierstrass theorem, the set 

S = {Y,c^fi{x)g,{y) : c, e R, f, e C{X), g, e C{Y)} 

is dense in C{X x Y), and it follows easily from the hypotheses of weak convergence that 



F d{fii X Vi) ^ / F d{fi X u) 
XxY JxxY 

for all F G S*. Now suppose F G C{X x Y) is arbitrary, and let e > 0. Since S is dense, we 
may choose H{x, y) & S so that the difference G{x, y) = F{x, y) — H{x, y) satisfies UGHoo < 
Since |/x x z/| < x |z/| (which follows from the Hahn decomposition theorem), we obtain 

I j Gd{^i xui)- j Gd(fixu)\< 2MN\\G\\^ < 2MN ■ e. 

This gives what we want. □ 

Lemma 10.2. Suppose f,g & BDV(r) and that /i,/2,... and gi,g2,... are sequences of 
functions in BDV(r) such that 

A) |A(/)|(r), |A(5f)|(r), and the sequences |A(/j)|(r) and \ A{gj)\(T) are hounded; 

B) A(/i), A(/2), . . . converges weakly to A(/); 
G) A((7i), A((72), . . . converges weakly to A{g). 

Then limj^oo(/i, fi'i)Dir = (/,5')Dir- 

Proof. Write u = A(/), uj = A{g), z/j = A(/j), and Ui = A{gi). By Lemma ITU.ll the 

sequence of measures z/j x Ui converges weakly to x on F x F. 
Hence 



lim(/i,5(i)Dir = lim / / g^{x,y) dui{x)duJi{y) 

'rxr 



g^{x,y)dv{x)duj{y) = {f,g)Bir- 

rxr 

□ 

We now come to the main result of this section. 
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Theorem 10.3. 

A) For each f G BDV(r) the Dirichlet pairing satisfies (/, /)Dir > 0, with (/, /)Dir = 
if and only if f{x) = C is constant. Thus {f,g)Dir is a semi-norm on BDV(r) with kernel 
C ■ 1, and its restriction to BDV^(r) is a norm. 

B) The nonzero eigenvalues a of ip^ are positive, and for each f G L'^iV), 

M)J) > . 

Proof. Let / G BDV(r) be arbitrary, and put z/ = A(/). It is easy to construct a sequence of 
discrete measures ui, z/2, . . . which converge weakly to z/, with ^'i(r) = and Iz^iKT) < |z^|(r) 
for each i. (Choose a sequence of numbers r]i — > 0. For each i subdivide F into finitely 
many segments Cij with length at most rji. For each i,j choose a point Pij G Cij, and put 

Put fi = ip^{ui) for each i. Then A(/,) = and fi G CPA(F) C Zh(F). It follows that 
(/i; /i)Dir = / \fiix)\'^ dx > for cach i. By Lemma IIU.2( 

(/, /)Dir = hm {fi, /i)Dir > . 
I— >oo 

Thus, at least (/, /)Dir is non-negative. We will use this to show that the eigenvalues 
of A in BDV^(F) are positive. Suppose 7^ / G BDV^(F) is an eigenfunction of (y?^ with 
eigenvalue a. By Proposition 18.51 a 7^ 0. 

Since ^^{f) = a ■ f, Lemma lOI shows that 

a ■ A(/) = A(^^(/)) = f{x)dx -Cff, 
where Cf = J f{x) dx. Recalling that a is real, and using that / f{x) dfi{x) = 0, we have 



;i0.5) < (/,/)Dir = / f{x)dA{f){x 



1 



(10.6) = / fix)-f{x)dx = -{fJ)L^ . 

Jr en a 

Since (/, f)L2 > 0, we must have a > 0. 

It follows from this that (</?;.(/), > for all / G ^^(F). 
We can now show the positivity of (/, /)Dir- 

Since the Dirichlet pairing is positive semi-definite on BDV(F), it follows from the Cauchy- 
Schwarz inequality that if (/, /)Dir = then {f,g)BiT = for all g G BDV(F), i.e.. 



gix)dAif)ix)=0 

for all g G BDV(F). But then A(/) = 0, so that / is constant by Corollary 15. HI In particular, 
{f,g)mv is positive definite on BDV^(F). □ 

Application: Positivity of the energy pairing. 

Let Meas(F) be the space of bounded Borel measures on F, and let Measo(F) be the 
subspace consisting of measures with z/(F) = 0. For z/, a; G Meas(F), define the '//-energy 
pairing' 



(z/,u;)^ = // gi,{x,y)diy{x)duj{y) . 
'rxr 
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Note that if z/, G Measo(r), then the energy pairing 

(z/,u;) := {p,uj)^ 

is independent of /i. Indeed, let /, (7 G BDV(r) be functions with z/ = A(/), oj = A{g); such 
functions exist by Proposition 17. 11 By ()10.4|) . {y.uj)^ = {f\g)mvi which is independent of yU. 

Theorem 10.4. 

A) The energy pairing {v,uj) is positive definite on Measo(r). 

B) For each fi, the ^-energy pairing {u^uj)^ is positive semi-definite on Meas(r), with 
kernel Cfi. 

C) Among all v G Meas(r) with z^(r) = 1, fi is the unique measure which minimizes the 
energy integral 

^^^i^) =11 9f^{x,y)du{x)du{y) . 
J Jtxf 

Proof. Fix /i. Given z/, G Measo(r), put / = (p^{i^) and g = (p^{uj). As noted above, 
(z/, c<j) = {u^oj)^ = {f,g)Dir- By Theorem I1U.3( {1^,00) is positive definite. 

Since Jp g^iix, y) dfi{y) = for each x, clearly = and {u, fi)fj_ = {fi, u) = for each 

uj G Meas(r). Since Meas(r) = Measo(r) +Cfi, it follows that (z/, cj)^ is positive semidefinite 
on Meas(r) with kernel C/i. 

Now let z/ be any measure with z/(r) = 1. Then z/ — /i G Measo(r), so 

with equality if and only if z/ = /i. □ 

11. The SPACE Dir^(r) revisited 

In this section we will use the fact that ||/||Dir is a norm on BDV^(r) to show that BDV^(r) 
is a subspace of Dir^(r). This is a key step towards relating the notions of eigenfunctions in 
Theorem 13.71 and Theorem 18.31 

Recall that Zh(r) is the space of continuous functions / : F C which are piecewise C^, 
with f"{x) G L^{T). Let ^(F) be the space of continuous functions / : F ^ C such that / is 
piecewise and /' G -^^^(F). It easy check that Zh(F) C ^(F). For f,g E ^(F), we define 

(11.1) {f,g)Dn = jj'{x)'^dx. 

It is easy to see that for / G ^(F), (/, /)Dir = if and only if f{x) is a constant function. 

Given a real Borel measure /i of total mass 1, put V^(F) = {/ G V^(F) : f f{x) dfi{x) = 0}. 
Then the restriction of {f,g)mr to V^(F) is an inner product. 

The space Zh(F) is contained in BDV(F) and V{T), and both of these spaces are contained 
in C(F), though neither is contained in the other. Putting this another way, there is a 
natural extension of {f,g)-Dh on Zh(F) to each of BDV(F) and V{r), and their restrictions 
to BDV^(F) and V^(F) induce norms which coincide on Zh^(F). Note that CPA^(F), the 
space of continuous, piecewise affine functions with Jp f{x) dfi{x) = 0, is a subset of Zh^(F). 
We will now see that both BDV^(F) and V^(F) are contained in Dir^(F), the completion of 
Zh^(F) under the Dirichlet norm. 
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Proposition 11.1. Under the Dirichlet norm ||/||Dir = {fjf)^^) 

A) CPA^(r) IS dense m BDV^(r) , 

B) CPA^(r) IS dense m V^(r) . 

Before giving the proof, we need the following lemma. 

Lemma 11.2. Fix A, i? G C, and let [a, 6] he a closed interval. Let Ti he the set of continuous 
functions / : [a, 6] ^ C such that f{a) = A, f{b) = B , f is differentiahle on {a,b), and 
f'{x) G L^([a, 6]). Let h{x) E Ti he the unique affine function with h{a) = A, h{b) = B. 
Then for each f eH, 



\f'{x)\Ux> / \f'{x)~h'{x)\^dx . 

J a 

Proof Put C = {B~ A)/{b - a). Then h'{x) = C for all x. For each f E H, 



f{x)h'{x)dx = / f'{x)Cdx = UiP)- f{a))-C 

J a 

(11.2) = {B-A)C = (6-a)|C|2 eR. 

In particular 



(11.3) / h\x)h'{x)dx = {b-a)\C\\ 

J a 

Fix f en. Using (fTr^ and ^TH^ we see that 



\f'{x)-h'{x)\' = I {f\x)-h\x)){f'{x)-h'{x))dx 

\nx)\^ dx - {b - a)\C\^ 



Since (6 — a)|Cp > 0, the lemma follows. □ 
Proof, of Proposition 111.11 



A) Put z/ = A(/), so / = ip^{u) and (/, /)Dir = // gfi{.x, y) du{x)du{y). Let z/i, z/g, . . . be a 
bounded sequence of discrete measures of total mass zero which converge weakly to u. Put 
fn = V5m(^")- Then /„ G CPA^(r), and (/ - fn, f - /n)Dir converges to by Lemma HHUl 
since the measures z/„ x z/„, i/ x and i-" converge weakly to x i/ on F x P. 

B) Take / G V"^(F), and fix £ > 0. Let X C F be the finite set of points where f'{x) is 
not defined. After enlarging X, we can assume that it contains a vertex set for F. For each 
p G X and 5 > 0, let X(p, 5) = {z eT : d{p, z) < 5} be the 5-neighborhood of p under the 
canonical metric on F. 

Since /' G -Z^^(F), there is a 5i > such that 



f'{x)f'{x) dx < e . 

Put U = Uxex ^(^' ^i)' P^^ ^ ~ r\f/. Then K is compact. Since f'{x) is continuous 
on K, it is uniformly continuous. Let < ^2 < <5i be small enough that \f'{x) — f'{y)\ < 
for all x,y E K with d{x^ y) < 62- Let Y = {yi, . . . , C K he a. finite set such that for 
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each X & K, there is some yi E Y with d{x,yi) < 62- After enlarging Y we can assume it 
contains all the boundary points of K. 

The set X U y partitions F into a finite union of segments. Let F : T —>■ C he the unique 
continuous function such that F{z) = f{z) for each z E X U Y , and which is affine on 

r\(xuF). 

Let (a, b) be one of the segments in r\(XUF). If (a, b) C K, then necessarily d{a, b) < 82- 
For each x G (a, 6) we have F'{x) = (/(&) — f{a))/{b — a). On the other hand, by the 
Mean Value Theorem there is a point Xq G (a, b) with /'(xq) = (/(&) — f{o))lip ~ ct). Since 
x,Xo G [a, 6] it follows that Xq) < Hence 

\nx)-F'{x)\ = |/'(x)-/'(xo)| < v^. 

It follows that 

b 

\f'{x)-F'{x)\^dx < {b-a)e . 

On the other hand, if (a, b) C t/, then by Lemma 111.21 

b pb 
\fix)-F'{x)\^dx < / \f'ix)\^dx. 

J a 

Summing over all intervals (a, 6), we see that 

/ \f{x)-F'{x)\^dx = [ \f{x)-F'{x)\Ux+ [ \f'{x)-F'{x)\^dx 
Jr J K Ju 

< im + i)-e 

where i{r) is the total length of F. 

Here F{x) need not lie in CPA^(F), but Ff^{x) = F{x) — Jj.F{x) dx does, and (/ — 
Ffj^, f — F^)Dir = {f — F, f — F)Dir- Siuce e is arbitrary, the proposition follows. □ 

Recall that Dir^(F) is the completion of Zh^(F) under || ||Dir, with norm || ||Dir extending 
the Dirichlet norm on Zh^(F). By Proposition lll.l| both BDV^(F) and V^^(F) are dense 
subspaces of Dir^(F). In particular, Dir^(F) can be defined as the completion of any of the 
spaces CPA^(F), V^(F), Zh^(F), or BDV^(F) under the Dirichlet norm. 

Recall from Lemma 13.11 that there is a constant Coo such that for each / G Zh^(F), 
ll/lloo < Coo • ll/lloir- This implies that the abstract Hilbert space Dir^(F) can be identified 
with a space of continuous functions on F: 

Corollary 11.3. We can uniquely identify BDV^(F) and V"^(F) with subspaces o/Dir^(F), 
where the latter is regarded as a subset of C{T) via the embedding defined in Corollaru \3.'J[. 

Proof. We must show that each g G BDV^(F) (resp. V^(F)) is taken to itself under the 
embedding : Dir^(F) ^ C(F) defined in the proof of Corollarv 13.31 

If (7 G BDV^(F), let z/ = A((7), so g = Let vi, 1/2, • • • be a bounded sequence of 

discrete measures of total mass zero converging weakly to v. 

By Proposition 18.11 the functions 5'„(x) = Lp^{vn) converge uniformly to g{x). Moreover, 
each gn belongs to CPA^(F) C Dir^(F). By Corollarv 13.31 ia„ ) = gn, and by Lemma EH] 
the gn form a Cauchy sequence under || ■ ||oo- By definition, the image G = t/^ig) is the limit 
of this Cauchy sequence. Hence G = g. 
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Examination of the proof of Lemma 13.11 shows that the conclusions of that Lemma hold 
for V^(r) as well as for Zh^(r). Hence the fact that i^{g) = g for all g G V^(r) follows by 
the proof of Corollary 13.31 □ 

Let /ii and fi2 be real, signed Borel measures on F with fii{T) = /i2(r) = 1- There is a 
canonical projection 7ri^2 : Dir/ii(r) ^ Dir^2(r), defined by 

7ri,2(/) = fix) - j fix) dii2ix) . 

It is easy to check that 7r2,i = t^iI- 

Proposition 11.4. tti^2 is an isometry from Dir^^(r) onto Dir^j2(r) relative to the Dirichlet 
norms on those spaces, which takes V^i(r) to V^^iT), CPA^^(r) to CPA^2(r), andBDV^^(r) 

to BDV^2(r)- 

Proof. Since tti 2 simply translates each function by a constant, it is clear that it takes V^i(r) 
to V^2(r), CPA^,(r) to CPA^^iT), and BDV^,(r) to BDV^^iT). Since the Dirichlet pairings 
on V"(r) and BDV(r) are invariant under translation by constants, we have 

(11.4) (7ri,2(/),7ri,2(/))Dir = {f,g)Dir 

for all f,g E V^i(r) and all f,g E BDV^^(r). These spaces are dense in Dir^j(r), so pi.4|) 
holds for all f,gE Dir^^(r). This shows that 7ri^2 is an injective isometry from Dir^^(r) into 
Dir^2(r). The surjectivity follows by considering the inverse map 712,1. D 

This simple proposition has two interesting consequences. 

First, if {Fn} is a complete orthonormal basis for Dir^j(F) given by eigenfunctions of A 
in Dir^^(F), then {7ri,2(-^n)} is a complete orthonormal basis for Dir^2(r)- Note however 
that the functions vri,2(-^n) are in general not eigenfunctions of A in Dir^2(r)- Furthermore, 
although the F„ are mutually orthogonal relative to the inner product ( , ), the projected 
functions tti 2(-Fn) are not in general orthogonal relative to ( , ) even though they remain 
orthogonal relative to ( , )Dir- 

Second, if we define the 'Dirichlet space' Dir(F) by 

Dir(F) = Dir^,(F)©C-l 

then Dir(F) contains the spaces Dir^2(r) for all fi2, and in particular is independent of fii. 
It appears to be an important space to study. 

12. Equivalence between notions of Eigenfunctions 

We will now show that the eigenfunctions of A in Dir^(F) constructed in Theorem 13.71 
coincide with the eigenfunctions of <y9^ given by Theorem 18.31 

This equivalence provides new information: it implies that the eigenfunctions of A in 
Dir^(F) are "smooth enough" to belong to BDV^(F), and that the eigenfunctions of ip^, 
which are known to provide a Hilbert space basis for L^(F), also form a basis for Dir^(F). 

Theorem 12.1. Given a nonzero function f G -^^^(F), the following are equivalent: 

A) f is an eigenfunction of A in Dir^(F) with eigenvalue A > ([0 Definition\^ , 

B) f is an eigenfunction of ip^ with eigenvalue a = 1/A > Definition]^, 

C) f is an eigenfunction of A in BDV^(F) with eigenvalue A > (33 Definition^ . 
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Proof. We know that (B) (C) by Proposition 19.11 so it suffices to show that (A) (B). 

(B) =^ (A). Suppose ffist that 7^ / is an eigenfunction of with eigenvalue a 7^ 0. By- 
Theorem ISSl / £ BDV^(r). Theorem ll(J.3l shows that a > 0. By Lemma IH^ 

(12.1) «-A(/) = A{^,{f)) = f{x)dx-{jj{x)dx)fi. 

To see that / is an eigenfunction of A in Dir^(r) with eigenvalue 1/a, we must show that 
{f,g)Dir = -{f,g)L^ for each g G Dir^j(r). Since Zh^(r) is dense in Dir^(r), we can assume 
that g e Zh^(r). By (fm|) . 



a / g{x)dA{f){x) = / g{x)f{x)dx - ( / f{x)dx) ■ ( / g{x)d^{x)) . 



Here g{x) G Zh^(r) and /i is real, so g{x) G Zh^(r) and Jj.g{x) dfi{x) = 0. Thus 



1 f^^^, ^ , 1 



(/,^)Dir = / gix)dA{f){x) = - g{x)f{x)dx = -{f,g)L^. 

(A) (B). Conversely, suppose that 7^ / is an eigenfunction of A in Dir^(r) with 
eigenvalue A. By Theorem 13.71 necessarily A > 0. Let gi,g2,-- - be an orthonormal basis 
for L'^{T) consisting of eigenfunctions of ip^, as given by Theorem 18.31 We can expand 
/ = Ylin^rign in -^^(r). Siucc / f (x) dfi = 0, Propositiou 18.51 shows that for each n with 
Cn ^ the corresponding eigenfunction gn has a nonzero eigenvalue a„, and Theorem 18.31 
says that gn belongs to BDV^(r). 

Since BDV^(r) C Dir^(r), for each such gn we have 

(/,5'n)Dir = >^{f,gn)L2 = X ' Cn ■ 

On the other hand, gn is an eigenfunction of A with eigenvalue l/a„, and an is real by 
Theorem 18.31 so 

{f,gn)DiT = (fl'n,/)Dir = —{9n,f)L^ = —{f,gn)L^ = — " C„ . 

O^n 

Thus, the only eigenfunctions gn for which c„ 7^ are ones satisfying l/a„ = A. Theorem 
18.31 savs that there are only finitely many such n, so 

f = ""-On e BDV^(r) . 

l/a„=\ 

Since each gn is an eigenfunction of ip^ with eigenvalue a„ = 1/A, so is /. □ 

Corollary 12.2. Each eigenfunction of A in Dir^(r) belongs to BDV^(r). 

Corollary 12.3. The eigenfunctions ofip^ in BDV^(r) contain a complete orthonormal basis 
for Dir^(r). More precisely, let {fn} be a complete L"^ -orthonormal basis of eigenfunctions 
for if^ in BDV^(r), and put F„ = fn/\fKi- Then {Fn} is a complete orthonormal basis for 
Dir^(r). 
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13. The eigenfunction expansion of g^{x,y), and applications 

Let {/„} be a basis for BDV^(r) consisting of eigenfunctions of A, normalized so that 
||/„||2 = 1 for each n. 

We now consider the expansion of g^{x,y) in terms of the eigenfunctions {fn}- For each 
y eT, put Gy{x) = g^{x,y). In ^^(r), we can write Gy{x) = Y.'^=i (^nfn{x), with 



{Gy{x),fn{x)) = I g^{x,y)fn{x)dx = (Pf,{fn){y) = T-/n(l/)- 

An 



r 



Thus 

(13.1) g,ix,y) = f^liM^M^ 

n=l ^" 

where for each y the series converges to g^{x, y) in L'^iT)- 

Proposition 13.1. 

The series ■^"^^j^-^"^^'^ converges uniformly to g^{x, y) for all x,y E T . 

Proof. This follows from a classical theorem of Mercer (see |R Nj . p. 245). Mercer's theorem 
asserts that if is a compact measure space and A{x,y) is a continuous, symmetric kernel 
for which the corresponding integral operator A : L'^{K) — * L'^{K) is positive (that is, 
{Af,f) > for all / e L'^{K)), then the eigenfunction expansion of A{x,y) converges 
uniformly to A{x,y). The proof in ( |RNj ) is given when K = [a,b] is a closed interval, but 
the argument is general. 

In our case g^{x,y) is continuous, real-valued, and symmetric, and the integral operator 
(f^ is positive by Theorem 111). 31 □ 

Several important facts follow from this. 
Corollary 13.2. Y.n=i'^/'^n = J^p giM{x,x) dx < oo . 



Proof. By Proposition 113. II ^ fn{x)fn{x)/Xn converges uniformly to g^{x,x) on T. Since 
{fn, fn) = 1 for each n, 

/ gf,{x,x)dx = / fn{x)fn{x)dx = • 

n=l n=l 



□ 



Corollary 13.3. g^{x,x) > for all x G F. Indeed, g^j_{x^x) > for all x unless fi = Sxo{x) 
for some xq, in which case g^{x, x) > for all x ^ xq. 



Proof It follows from ^(^(x, x) = X]r=i fn{x)fn{x)/\n that g^{x, x) > for all x. I f g^{xo, xq) = 
for some Xq, then /„(xo) = for all n. But then gf,{xo,y) = Y.n fni^o) fn{y) / K = for 
all y, which means that = Ay{g^{xo,y)) = 5xo(2/) ~ /^(z/)- Thus fi = 5xo(l/)- If there were 
another point Xi with g^{xi, xi) = 0, then S^oiy) = yU = ^xiiv), so Xi = Xq. □ 



Corollary 13.4. Yl'^=i\fnix)fniy)/Xn\ converges uniformly for allx,y. 
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Proof. Note that 



for each x, and the convergence is uniform for all x G F. Hence for any e > there is an 

such that En=N\^/<e- 

By the Cauchy-Schwarz inequality, 



n=l n=l ^ " n=l 



converges. Another application of Cauchy-Schwarz gives 

OO 

\fn{x)fn{y)/Xn\ < S 



n=N 



SO the convergence is uniform. □ 
Corollary 13.5. With the eigenfunctions normalized so that \\fn\\2 = 1 for all n, we have 

ll/nlloo = o{^/Xn) OS 72 ^ OO. 

Proof. As in the proof of the preceding corollary, for any e > there is an A^ so that 
^^^^ |^|2 < £ for all X. Hence for each n>N, \\fn\\oo < Ve ■ v^. □ 

Let {/n}i<n<oo be an L^-orthonormal basis for BDV^(r) consisting of eigenfunctions for 
A. We will now show that the L^-expansion of each F G Dir^(r) in terms of the /„ converges 
uniformly to F{x) on F. 

Suppose F G Dir^(r). If /i = g{x)dx for some g G -^^^(r), then by Proposition 18.51 the 
eigenfunctions form an orthonormal basis for (Cg)-^ = {/ G L'^(T) : Jp f{x)g{x) dx = 0}. 
Since F G C(r) and F{x) d^{x) = 0, we have F G (Cg)-^. If /i is not of this form, then 
the fn form an orthonormal basis for L'^{T). 

In either case we can expand F{x) = Yl'^=i Cnfn{x) in L'^(T). 

Corollary 13.6. 

For each F G Dir^(r), the series Yl'^=i Cnfn{x) converges uniformly to F{x) on T. 

Proof. Let A„ be the eigenvalue corresponding to /„, and put = fn{x)/\/X^, so 

(F„,F„)Dir = 1- Since the Fn are eigenfunctions of A belonging to BDV^(r) by Corol- 
lary and Theorem 112. 11 they are mutually orthogonal under ( , )Dir- 
By assumption, we have 



n n 

in LF'iT). By Parseval's inequality in Dir^(r), 

(13.2) J^lv^C^r < (F,F)Dir. 

n 

By Corollarv ll3.4[ the series 
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converges uniformly on F. Hence, for each e > 0, there is an such that X]n>Ar — ^• 

By ()13.2p and the Cauchy-Schwarz inequahty, 

5^|Cn/n(x)| < ((F,F)d.)'/'-V^ 

n>N 

for all X G r. 

Thus the series Cnfn{x) converges uniformly and absolutely to a function G{x) G C(r). 
Since F{x) and G{x) are continuous, and F = G* in L'^{T), it follows that F{x) = G{x). □ 

We can use Proposition 113.11 and Corollarv ll3.6l to give another proof of Theorem llU.4r B). 
the energy minimization principle, as follows. 

Proof, (of Theorem 110.4^ 3)) Let u he a bounded measure of total mass 1. Define the n-th 
Fourier coefficient of u to be 

fn{x)dv{x) . 

By Corollarv 113.61 the linear space spanned by the functions {fn} (which lie in BDV^(r), 
and in particular have / fndfi = 0) is dense in Dir^(r). Together with /o = 1, the /„ 
span a dense subspace of Dir(r), which itself is dense in C(r). By the Riesz Representation 
Theorem, it follows that n = u ii and only if c„ = for all n > 1. By uniform convergence, 
we find that 

jj gfi{x,y)du{x)du{y) = jj (^^fn{x)fn{y)/X^ du{x)du{y) 

= E ( / /"(^)^ 

n>l ^"^ 



M^)J fniy)di^iy)j /Xn 

= E|Cnr/'^n >0, 

n>l 

with equality if and only if c„ = for all n > 1, as desired. □ 



Application: Lower bounds for (^^(x, ?/)-discriminant sums. 

From the uniform convergence of the expansion p3.H) . we obtain Elkies-type lower bounds 
for discriminant sums formed using g^{x,y). Such sums occur naturally in arithmetic geom- 
etry (see for example |HSl Lemma 2.1], in which F is a circle). 

Proposition 13.7. There exists a constant C = C(F,/i) > such that for all N > 2 and 
all xi, . . . ,xn & ^ , then 

iv(ArrT)5Z^/^(^-^j-) ^ 'n- 

Proof. Put M = sup^gp (7^(x, x). Then 
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^g^{Xi,Xj) = ^^fniXi)fniXj)/\n 

N N 
n 4=1 i=l 

> -M ■ AT, 

which yields the desired conclusion. □ 



14. The canonical measure and the tau constant 

In this section we discuss some properties of a "canonical measure" discovered by Chinburg 
and Rumely. This will not only provide us with a nice application of the energy pairing, it 
will also illustrate why it is useful to allow general measures /i (rather than just multiples of 
dx, for example) when discussing eigenvalues of the Laplacian. 

For X, y G r, we denote by r{x,y) the "effective resistance" between x and y, where F is 
considered as a resistive electric circuit as in ^1.51 Equivalently, we have 

r{x, y) = jx{y, y) (= jy{x, x)) . 

For example, if F = [0, 1], then r(x, y) is simply \x — y\. Referring back to §1.8^ note that 
— \\x — y\ differs by a constant factor of \ from the Arakelov-Green's function g^{x,y) for 
the measure = ^6o + 

This observation generalizes to arbitrary metrized graphs as follows (see |CRt Theo- 
rem 2.11] and IBF|): 

Theorem 14.1. 

A) The probability measure /ican = '-^x {■^r{x,y)) + 6y{x) is independent of y G F. 

B) /ican is the unique measure fi of total mass 1 on T for which gfj,{x, x) is a constant 
independent of x. 

C) There is a constant t(F) G M such that 

^Mcan {x, y) = -^rix, y) + r(F) . 

We call /ican the canonical measure on F, and we call t(F) the tau constant of F. 
In |CR| Theorem 2.11], the following explicit formula is given: 

(14.1) /ican = 5Z ~ ^valence(p)) 5p{x) + ^ L(e)^+ R(e) 

vertices p edges e 

where L(e) is the length of edge e and R{e) is the effective resistance between the endpoints 
of e in the graph F\e, when the graph is regarded as an electric circuit with resistances equal 
to the edge lengths. In particular, /ican has a point mass of negative weight at each branch 
point p, so it is a positive measure only if F is a segment or a loop. 

The following result is an immediate consequence of Theorem 110.41 
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Corollary 14.2. The canonical measure is the unique measure v of total mass 1 on T 
maximizing the integral 



(14.2) // r{x,y)diy{x)diy{y). 

J JtxF 

One can therefore think of the canonical measure as being like an "equilibrium measure" 
on r (in the sense of capacity theory), and of t(T) as the corresponding "capacity" of T 
(with respect to the potential kernel ^r{x,y)). Note, however, that //can, unlike equihbrium 
measures in capacity theory, is not necessarily a positive measure. 

It can also be shown using Theorem 110. 4f A) that there is a unique probability measure 
maximizing ()14.2|) over all positive measures u of total mass 1. However, we do not know an 
explicit formula for this measure analogous to ()14.1|) . 

The next result follows immediately from Corollarv 113.21 
Corollary 14.3. If £{r) denotes the total length ofT, then 

— : -^n 

n=l 

where the 's are the eigenvalues of the Laplacian with respect to the canonical measure 
[i.e., the eigenvalues of A on Dir^^^j^(r)). 

In particular, if i{T) = 1, then T(r) is the trace of the operator ^p^^^^^- 

Especially, T(r) > 0. Another description of T(r), which shows this directly, is as follows. 

Lemma 14.4. For any fixed y & T , we have 

I r f d ^ ^ 



Proof. Fix ?/ G r, and set f{x) = |r(x, y). Since j g^i^^S'X,y)djjican{'x) = 0, we have r{T) 
J f{x)dfican{x). Substituting /ican = Sy{x) + A^f^x) and noting that f{y) = 0, we obtain 

r(r) = / f{x)Af{x) = (/,/)Dir = f {f{x)fdx. 



□ 

Using Lemma fl4.4l it is not hard to see that if we multiply all lengths on F by a positive 
constant P (obtaining a graph F(/9) of total length /3 ■ ^(F)), then r(F(/5)) = /3 ■ r(F). Thus 
it is natural to consider the ratio r(F)/£(F), which is scale-independent. 

One can show using Lemma fl4.4l that for a metrized graph F with n edges, 

(14.3) < r(F) < h{r) , 

with equality in the upper bound if and only if F is a tree. The lower bound is not sharp. 

Experience shows that it is hard to construct graphs of total length 1 and small tau 
constant. The smallest known example was found by Phil Zeyliger, with t(F) = .021532. 
We therefore pose the following conjecture:^ 



Added June 2005: Zubeyir Cinkir has recently proved this conjecture with C = 1/108. 
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Conjecture 14.5. There is a universal constant C > such that for all metrized graphs T , 

riV) > C■^{T) . 

We remark that by Corollary 114.31 a universal positive lower bound for t(T) over all 
metrized graphs of length 1 would be implied by a universal upper bound for Ai, the smallest 
nonzero eigenvalue of the Laplacian with respect to the canonical measure, on such graphs. 

Application: The operator ipdx has minimal trace. 

Given a measure /i on F of total mass 1, the trace of the operator Lp^ is 

[ °° 1 

where the A„ are the eigenvalues of A on Dir^(r). We can compare the traces for different 
measures using the energy pairing (see Theorem II ().4|1 : 

Proposition 14.6. Let fii,fi2 ^ Meas(r) be measures of total mass 1. Then 

(14.4) Tr((/}^J = Tr(v9^2) - {dx, dx) + {dx - /zi, dx - /xi) . 
Proof. We first claim that 

(14.5) 9i^r{x,y) = gf,,{x,y) - (t)^^{fii){x) - (l)^^{fii){y) + (/ii,/ii)^2. 

Indeed, it follows from Proposition 17. II that the Laplacian with respect to x of both sides of 
fll4.5|l is Sy — ^i, so the two sides differ by a constant depending only on x. By symmetry, 
the left and right-hand sides of ()14.5j) also differ by a constant depending only on y. Thus 
fjl4.5|) is true up to an additive constant. Integrating both sides with respect to dfj,i{x)dfj,i{y) 
shows that the constant is zero, proving the claim. 

Setting X = y in ()14.5p and integrating both sides with respect to dx now gives Tr((y9^J = 
Tr((^^2) ~ 2((ia;, /ii)^2 + (/ii,/ii)^2, which is equivalent to ()14.4|) . □ 

Suppose r has total length 1. Setting /ii = /i and /i2 = dx in Proposition 114.61 we find 
that of all measures on F, the dx measure is the one for which ip^ has minimal trace: 

Corollary 14.7. If i(r) = 1 and fi G Meas(r) has total mass 1, then 

Tr((^^) = Tiiipdx) + {dx - n,dx- fi) 

with equality if and only if fi = dx. 

Proof. By Theorem IIU. 41 {dx — fi,dx — fi) > 0, with equality if and only if /i = dx. □ 

Since TT{ipdx) is minimal, is useful to have a formula for it: 
Corollary 14.8. If i(T) = 1, then Ti^ipdx) = \ //pxr ^(^' ^) '^^ ^2/ ■ 
Proof. Taking /ii = dx and /i2 = /ican in Proposition 114.61 gives 

(14.6) Tr(¥?rf^) = Tr(y?^^^J - (rfx, . 
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Here Tr((y9^ ) = r(r) by Corollary 114. 31 while by the definition of {dx, c/a;)^ and Theorem 

IMC), 

(14.7) {dx,dx)^^^^ =11 9fic.nix,y)dxdy = // r{T) - ^r{x,y) dx dy . 

Combining ()14.6|1 and ()14.7|1 gives the result. □ 

In contrast with Conjecture 114.51 which asserts that Tr(y9^^^j^) > C > for all graphs 
of total length 1, TT{ip(ix) can be arbitrarily small. For example, if F = Bn is the "banana 
graph" with two vertices connected by n edges of length 1/n, then using Corollary 114.81 one 
computes that 

Tr(^...) = ^ . 

15. Regularity and Boundedness 

In this section, we will study the smoothness and boundedness of eigenfunctions. 

Proposition 15.1. Suppose jj has the form fi = g{x)dx + ^^^i CiSp.{x) where g{x) is piece- 
wise continuous and belongs to L^(T). Assume that X = {pi, . . . ,pn} contains a vertex set 
for r, as well as all points where g{x) is discontinuous. Then each eigenfunction of A in 
BDV^(F) belongs to Zh(F). If g{x) is on T\X , then each eigenfunction is C"^+'^ on T\X , 
and satisfies the differential equation 

+ Xfix) = XCgix) , 

Proof. If 7^ / G BDV^(F) is an eigenfunction of A with eigenvalue A, then by Proposition 
EH 

N 

(15.1) A(/) = X-{f{x)dx-Cfi) = X{f{x)-Cg{x))dx-CXJ2c^SpX^) 

i=l 

with C = Jp f{x)dx. 

Here /(x) is continuous, so X{f{x) — Cg{x)) is continuous on T\Xg and belongs to L^iV). 
By Proposition 15.21 / G Zh(F) and 



A(/) = Azh(/) = -nx)dx-Y,{ E d^f(p))^'. 

V veNec{p) 



Comparing this with ()15.1|) . we see that A(/) has no point masses except at points of X, 
and that on each subinterval of F\X 

f"{x) = X{Cg{x) - fix)) . 

Differentiating this inductively shows that on each such subinterval, f{x) has continuous 
derivatives up to order m + 2. Furthermore, f{x) satisfies the differential equation f"{x) + 
Xf{x) = XCg{x). □ 



Under somewhat stronger hypotheses, the eigenfunctions are uniformly bounded. 
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Proposition 15.2. Suppose fx = g{x)dx + 'Yl!i=i'^i^Pi{^)' where g{x) is piecewise on T 
and g'{x) G -^^"'^(r). Let {/ra}i<n<oo be the eigenf unctions of A in BDV^(r), normalized so 
that II /nil 2 = 1 for each n. Then there is a constant B such that ||/n||oo < B for all n. 

Proof. Write X = {pi, . . . ,Pn}- After enlarging X, we can assume tliat X contains a vertex 
set for r, as well as all points where g'{x) fails to exist. Then r\X is a finite union of open 
segments; let their closures be denoted ei, . . . ,6^- Without loss of generality, assume is 
isometrically parametrized by [OjL^], and identify it with that interval. 

Let f = fnhe an eigenfunction of A in BDV^(r), normalized so that ||/||2 = 1- Let A = A„ 
be the corresponding eigenvalue. By Proposition 19. !( / G Zh(r) and on each segment eg it 
satisfies the differential equation 



j2 £ 

(15.2) t4 + ^/ = ^^9- 

dx^ 



where C = Cj = Jp f{x)dx. Let 7 > be such that 7^ = A, and write fi for the restriction 

of / to €£. 

By the method of variation of parameters (see |Sij, p. 92), 

f,{x) = A.e'"'^ + Bee-'"'^ + C ■ h^A^) 
for certain constants A£,B£ G C, where 

"'^ ' J., -2^7 A, -2^7 

for some fixed xg G eg. Integrating by parts gives 

h^A^) = g{x) - gixe) + ^e*^^ e-'^'g\t) dt - \e~'^^ f e'^'g\t) dt . 

Here g{x) is bounded since g'{x) G -^^^(r), and for the same reason the last two terms are 
also bounded, independent of 7 and £. Hence the h^A^) uniformly bounded. Let M be 
such that \h^A^)\ ^ ^) ^! 7; ^"^^ ^■ 

Note that C = C/ is bounded, independent of 7: indeed 



Cf\ = I / f{x)dx\ < ii/iii < c(r)||/||2 = c(r) . 



We now will use the fact that ||/||2 = 1 to bound the Ai and Bi. Write {f,f)i = J^^ f{x)f{x) dx. 
Then 



1 = (/,/) = J2(f'f)i 



e=i 



[15.3) = J](|A,|% + |5,|% + |C|2(/i^,,,/i^,,), 



+2Re{AeB' / ^~ ) + 2Re{A,C {e'^^ , h^A^)),) 
2^7 

+2Re{B,C{e-'^\h^A^)),)) . 
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The fourth term is 0{\AiBi\ and by the Cauchy-Schwarz inequahty, for sufficiently large 
7 it is bounded by |(|yl^pL^ + \B(\'^Li). The fifth term is bounded by 2\A(\ ■ c{V)MLi^ and 
the sixth term is bounded by 2\B(\ ■ c{V)MLi. 

Suppose that for some ^ we have maxd^^l, \B(\) > 12c(r)M. Then 

+ > 4max(|A,|,|5,|)-c(r)ML, 

If 7 is large enough that 2Re{Ai,'B'i^^^^) < Id^^pL^ + then (ITK3|l shows that 

l{\Ai\'^Le + \Bi\'^Le) < 1, from which it follows that max(|y4£|, \Bi\) < ^J'ijLi. Thus for all 
sufficiently large 7 and all £, 



< max(12c(r)M, v^S/L^) . 

It follows that 1 1 /nil 00 is uniformly bounded for all sufficiently large n, say n > uq. Trivially 
1 1 /nil 00 < 00 for each n < Uq, and the Proposition follows. □ 



16. Examples 

In this section, we will explain how the theory developed above can be used to compute 
eigenvalues and eigenfunctions in certain cases, and we will illustrate this with several ex- 
amples. When fi = dx, the method we are about to describe is well-known (see |Belj . 

m)- 

Throughout this section, we suppose that /i has the same form as in Proposition 115. ll 

N 

/i = g{x)dx + ^CiSpXx) , 
1=1 

where g{x) is piecewise continuous and belongs to L^iT). Let C F be a finite set con- 
taining a vertex set for F, all points where g{x) is not continuous, and all points where n 
has a nonzero point mass. Then F\Xg is a finite union of open segments; let their closures 
in F be denoted ei, for ^ = 1, . . . ,m. Without loss of generality, assume ee is isometrically 
parametrized by [ai,be], and identify it with that interval. For each p G Xg, let v{p) be the 
valence of F at p, that is, the number of segments ei with p as an endpoint. 

If / is an eigenfunction of A in BDV^(F), then by Proposition 115. ll / belongs to Zh(F) 
and satisfies the differential equation 

(16.1) ^ + A/(x) = XCgix) 

dx^ 

on each e^. Necessarily A > 0; write A = 7^. Suppose that for each we are able to find a 
particular solution h^/{x) to ^ + A/(x) = Xg{x). Then the general solution to p6.1|) has 
the form 

Mx) = Aee'^^ + Bee''^^ + Ch^,e{x) 

for some constants A^, Bi. 
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Proposition l9.1l shows that for a collection of solutions {/f (a;)}i<£<m to be the restriction of 
an eigenfunction /(x), it is necessary and sufficient that {Ai, . . . , A^, -Bi, • • • , B^, C} satisfy 
the following system of linear equations: 

A) For each p G Xg, there are v{p) — 1 'continuity' conditions, each of the form 

fiiQi) = fjiQj), 

where is a fixed edge containing p, ej runs over the remaining edges containing p, and qi 
(or similarly qj) is the endpoint or bi of = [ai, bi] corresponding to p. 

B) For each p G Xg, there is one 'derivative' condition, corresponding to the fact that 
^zh{f) and —XCfi must have the same point mass at p. This condition reads 

^±/;(g,) = XC-c„ 

i 

where the sum runs over the edges Cj containing p, qi is the endpoint of corresponding to 
p, the sign ± is + if = Oj and — if = bi, and Cp = 

C) There is a global 'integral' condition coming from the fact that / belongs to BDV^(r): 

/(x) dfi{x) = . 



r 



Each condition gives a homogeneous linear equation in the Ai, Bi and C, whose coefficients 
depend on 7. There are 1 + XlpgXg '^(p) ^^"^^ equations; since each edge has two endpoints, 
Spex ^(p) ~ Hence the number of equations is the same as the number of variables, 
2m + 1. For an eigenfunction to exist, it is necessary and sufficient that this system of 
equations should have a nontrivial solution. 

Let M(7) be the (2m + 1) x (2m + 1) matrix of coefficients. It follows that A = 7^ is an 
eigenvalue of A in BDV^(r) if and only if 7 > satisfies the characteristic equation 

(16.2) det(M(7)) = . 

In all examples known to the authors, the multiplicity of 7 as a root coincides with the 
dimension of the nuUspace of M(7), which is the multiplicity of the corresponding eigenvalue.^ 

Example 1. Let F be the segment [0, 1], and take fi = dx. 

In this case, the eigenvalues are A„ = n^vr^ for n = 1,2,3,... and the eigenfunctions 
(normalized to have L^-norm 1) are 

fn{x) = V2cos{n7ix) . 

One can show that 



+ i(l - 1 ifx<y 



and the eigenfunction expansion in Proposition II 3 . 1 1 reads 

cos(?T,7ra;) cos{miy) 



gf,{x,y) = 2^ 



n=l 



^It might be possible to explain this observation using the results of |Bel| . which we learned about from 
the referee. 
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We have 



-^n 71"%^ Jo 6 



6 

Example 2. Let F = [0, 1], and take fi = So{x). 

2 2 

In this case, the eigenvalues are A„ = ^^^-j- for n = 1,3,5,... and the corresponding 
normalized eigenfunctions are 

fn{x) = V2sin(^x) . 

One can show that 
and its eigenfunction expansion is 

sinfravrx) sm(mTy) 
g^{x,y) = 8J2 > ^ 

The trace of v?^ is 



n>l 
n odd 



n>l 
n odd 



Note that the upper bound (jl4.3j) for the trace need not hold since /i ^ //can- 
Example 3. 

Let r = [0,1], and take yU = \5q{x) + \5i{x). This is the 'canonical measure' for F, as 
defined in Section IT^ 

By a calculation similar to that in Examples 1 and 2, we see that the eigenvalues are 
A„ = n^vr^ for n = 1,3,5,... and the eigenspace corresponding to each eigenvalue is two- 
dimensional; a normalized basis is given by 

One can show that 



9^.{x,y) = \ -l\^-y\ 



and its eigenfunction expansion is 



9^.{x,y) = 2J 



n odd 

The tau constant t(F) is 



n odd 



Here F is a tree, and the upper bound for r(F) in ()14.3j) is achieved. 
Example 4. Let F = [0, 1], and take fi = 6o{x) + 6i{x) — dx. 
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This example illustrates phenomena which occur with more complicated measures. We 
have g{x) = — 1. It will be convenient to write the general solution to ()16.H) as 

/(x) = A cos(7x) + 5 sin(7x) — C . 

The derivative conditions say 

/'(O) = 57 = , 

/'(I) = -^7 sin(7) + ^7 cos(7) = -7^C , 
and the integral condition says 

A(l + cos(7) + ^)+B(sin(7) + ^^^^^^^)-C = 0. 

^ T 1 

One has 

det(M(7)) = 27^(1 + cos(7)) -37^ sin(7) . 

It is easy to show that for each odd integer 2/c — 1 > 0, there are two solutions to M{'~f) = 
near {2k — l)n: one of these, which we will denote by 72^-1, is slightly less than {2k — l)7r; 
the other is 72A; = {2k — l)7r. The first six eigenvalues A„ = 7^ are 

Ai ^ 2.854280792 , 

A2 = vr^ ^ 9.869604401 , 

A3 ^ 82.77313456 , 

A4 = 9n^ ^ 88.82643963 , 

A5 ^ 240.7215434 , 

Ae = 2571^ ^ 246.7401101 . 

The normalized eigenfunctions corresponding to the eigenvalues A2fc-i = 7^ are 

1 1 7 

f2k-i{x) = C2k-i{cos{j{x - -)) sin(-)) 

272 

for an appropriate constant C2k-i, and the normalized eigenfunctions corresponding to the 
eigenvalues A2fc = {2k — l)^7r^ are 



f2k{x) = y2cos((2A;-i; 



nx) 



One has 



7 1 1 11 

9f^{x,y) = —~-\x-y\--{x-yy-{x--){y--) 



and the trace of is 



= g^,{x,x)dx = ^ 



2 

Example 5. Let F be a circle of length L, and take /i = jdx to be the canonical measure 

on r. 

This is the setting of classical Fourier analysis, and our formalism leads to the familiar 
Fourier expansion of a periodic function. 
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In this case, the eigenvalues are A„ = 4n^7r^/L^ for n = 1,2,3,... ; each eigenspace is 
two-dimensional, with normalized basis 



1 



^2iTinx/L 



-27Tinx/L 



One has 



and its eigenfunction expansion is 



,2mnx/L 2mny/L 



We have 



and r(r) = ^. 



L2 '■^ 



[ 9n{x,x) 
Jo 



dx 



12' 



During summer 2003, the authors lead a Research Experience for Undergraduates (REU) 
on metrized graphs at the University of Georgia. The student participants were Maxim 
Arap, Jake Boggan, Rommel Cortez, Crystal Gordan, Kevin Mills, Kinsey Rowe, and Phil 
Zeyliger. Among other things, the students wrote a MAPLE package implementing the 
above algorithm, and used it to investigate numerical examples, some of which are given in 
the following table. In the table, each graph has total length 1, with edges of equal length. 
The graph's name is followed by its tau constant, and then by the two smallest eigenvalues 
for the measures /i — dx and /i — /Xcan- The multiplicity of each eigenvalue is given in 
parentheses. 



Name 


r(r) 


^l,dx 


^2,dx 


•^l,can 


'^2,can 


K3,3 


.0442 


199.86(4) 


799.44(5) 


105.63(1) 


199.86(4) 


K, 


.0460 


332.51(4) 


986.96(5) 


47.62(1) 


332.51(4) 


Petersen 


.0353 


340.93(5) 


1190.79(4) 


107.14(1) 


340.93(5) 


Tetrahedron 


.0521 


131.42(3) 


355.31(2) 


102.75(1) 


131.42(3) 


Cul)e 


.0396 


218.20(3) 


525.67(3) 


106.66(1) 


218.20(3) 


Octahedron 


.0434 


355.31(3) 


631.65(2) 


47.73(1) 


355.31(3) 


Dodecahedron 


.0264 


479.25(3) 


1363.73(5) 


107.78(1) 


479.25(3) 


Icosahedron 


.0399 


1103.20(3) 


2826.48(5) 


33.31(1) 


1103.20(3) 



Here 7^3,3 denotes the complete bipartite graph on 6 vertices, denotes the complete 
graph on 5 vertices, and 'Petersen' denotes the well-known Petersen graph, which is a 
3-regular graph on 10 vertices. The other graph names are hopefully self-explanatory. 
For more data, together with some of the MAPLE routines used to calculate them, see 
www . math . uga . edu/~mbaker/REU/REU . html. 

In all examples known to us, Ai^can has multiplicity 1. For the graphs in the table, Ai^^a, 
coincides with A2,can- Factoring the characteristic equation for the corresponding eigenvalue 
problems shows that in fact for these graphs, all eigenvalues for dx are eigenvalues for /lean, 
with multiplicities differing by at most 1 (/Xcan has infinitely many other eigenvalues as 
well). The graphs in the table are highly symmetric: all their edges have equal weight 
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under the canonical measure, and all their vertices have the same valence. For more general 
graphs, it seems that some but not all eigenvalues for dx are eigenvalues for /ican- It would be 
interesting to understand the reasons for this. It would also be very interesting to understand 
the geometric/combinatorial significance of the the eigenvalues of the canonical measure. 
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